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The main objective of this thesis is to obtain continuum models suitable to analyze 
mechanics of carbon nanotube (CNT) under uni-axial deformation, torsion, and 
vibration. In general, continuum models of CNT are calibrated from atomistic 
simulations. Existing molecular dynamics (MD) simulation results for CNT under 
uni-axial deformation, torsion, and vibration are not comprehensive. Moreover, in 
many cases discrepancies are observed in MD simulation results reported by different 
researchers. For that purpose, extensive classical MD simulations are performed to 
generate accurate benchmark results for CNT under uni-axial deformation, torsion 
and vibration. The MD simulations are performed using AIREBO potential. Radial 
breathing frequencies of SWCNT are calculated from MD simulations; we 
demonstrate that these frequencies are very close to experimental results. We will also 
show that the nominal stress (tZ) versus stretch (λZ) response of SWCNT under tension 
and compression predicted by MD simulation are close to the first principle 
calculation results. Thus, we establish the suitability of AIREBO potential for CNT.  
     Our MD simulations reveal that prior to buckling the tZ  versus nominal strain (Z) 
response of SWCNT is nonlinear and it depends on chiral angle (θ) of SWCNT. 
Interestingly, the tZ-Z response of MWCNT is not affected by inter-tube van der 
Waals interaction. However, the buckling load (Pcr) and buckling strain (cr) of CNT 
depend on length (L), diameter (D), wall number, and θ of SWCNT. We show that the 
Pcr and cr of zigzag SWCNT are greater than the Pcr or cr of its armchair counterpart. 
For the first time, it is found that the effect of θ on Pcr and cr diminishes as the aspect 
ratio (L/D) increases. Beyond L/D of 15.0, the Pcr and cr values of SWCNT are 
almost unaffected by θ. 
 xiv 
     We demonstrate that the shear stress (τ) versus shear strain () of SWCNT depends 
on D, L, and θ. In case of chiral SWCNT, the τ- response also depends on twist 
direction because the carbon-carbon bonds are asymmetrically arranged along the 
length and perimeter of SWCNT, and the force deformation relation of carbon-carbon 
bond is different under compression and tension. The MD simulation results reveal 
that the shear modulus (G) of non-chiral SWCNT depends on D. As D increases, the 
G of non-chiral SWCNT becomes almost equal to 240 GPa. The G of chiral SWCNT 
also depends on twist direction. SWCNT with chiral angle 15.5
o
 has the highest G 
under clockwise torsion, but G of the same SWCNT is the lowest under anti-
clockwise torsion. Occurrence of torsional buckling is indicated by the degradation of 
the slope of (torque) MZ versus (end rotation)  curve. The critical buckling torque 
(Mcr) and critical buckling end-rotation (cr) of CNT depend on L, D, wall number, 
and θ of non-chiral SWCNTs. For chiral CNTs, Mcr and cr depend on twist direction 
also. Mcr and cr of chiral SWCNT under anti-clockwise torsion, is greater than the 
Mcr and cr of chiral SWCNT under clockwise torsion. Although in case of MWCNT 
the τ- relation is not affected by number of walls, but the torsional buckling 
characteristics depend on wall number. For MWCNT, Mcr increases with the increase 
in wall number and cr decreases with the increase in wall number. 
     We use the thick shell theory to analyze the buckling of CNT as an alternative to 
MD simulation. Since SWCNT manifests a nonlinear response under compression the 
E is calculated from the secant modulus of compressive tZ-Z curve evaluated at the 
occurrence of buckling. Assuming Poisson’s ratio  = 0.19 and the shell thickness h = 
0.066 nm, an empirical equation for the Young’s modulus (E) of chiral SWCNT is 
established. Thick shell theory with proposed E gives Pcr values of CNT close to MD 
 xv 
simulation results. The cr of CNT is derived from the nonlinear tZ-Z derived from 
MD simulation results. It will be demonstrated that the cr values predicted by thick 
shell theory are very close to MD simulation results. 
     Torsional buckling of CNT also depends on twist direction. So, E is modified to 
account for twist direction. For non-chiral SWCNTs, the shell model is able to predict 
Mcr and cr of SWCNT and MWCNT close to MD simulation results. However, the 
cr values of chiral SWCNTs have 20 % deviation from the cr values predicted by 
MD simulations. This is a drawback of the thick shell model. 
     CNT under tension displays nonlinear elastic tZ-λZ response with stress-softening. 
In Chapter 6, two constitutive models are proposed to analyze nonlinear tensile 
response of CNT prior to fracture. To ensure minimum loss of accuracy, the tZ-λZ 
response predicted by MD simulations are compared with first principle calculation 
results. From the comparison studies, it is demonstrated that the tZ-λZ response 
predicted by MD simulations is close to first principle calculation results up to a strain 
level of 22% for armchair and up-to a strain level of 16% for zigzag tube. It will be 
also demonstrated that the tZ-λZ response of SWCNT depends on θ but it is 
independent of D and L. The first continuum approach is named as membrane-shell 
model which uses a nonlinear constitutive relation. The nonlinear constitutive relation 
of the membrane-shell is calibrated using MD simulation results. We establish that the 
membrane shell model can closely mimic the tZ-λZ curve of chiral SWCNT obtained 
from MD simulation results. Another continuum model is derived based on the 
concept of softening hyper-elasticity proposed by Volokh (2007). This continuum 
model is extended to incorporate thermal effect on mechanical response of SWCNT. 
We demonstrate that the tZ-λZ response of SWCNT predicted by this temperature-
 xvi 
dependent continuum model is also in excellent agreement with MD simulation 
results.  
    In Chapter 7, the time domain decomposition technique is employed to calculate 
the vibration frequencies and mode shapes of SWCNTs from MD simulation 
trajectories. Comparing the vibration frequencies of various chiral SWCNTs, we find 
that the vibration frequencies of SWCNT are independent of θ, but similar to a thick 
cylindrical shell, the vibration frequencies depend on D and L of SWCNT. Thick shell 
theory is used to calculate vibration frequencies. We observe that the vibration 
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Chapter  1  
Introduction 
Presented herein is an introduction on geometric and mechanical properties of 
carbon nanotubes (CNTs).  The various applications as well as literature reviews on 
mathematical modelling and computational approaches for studying the mechanical 
properties and behaviour of CNTs are reported.  
1.1 Properties and applications of carbon nanotubes 
1.1.1 Geometric properties of carbon nanotubes 
Multi-walled carbon nanotube (MWCNT) was first observed by Iijima (1991). Later, 
the existence of single-walled carbon nanotube (SWCNT) was found independently 
by Bethune et al. (1993) and Boehm (1997). It is worth noting that while preparing 
filamentous carbon fibers through benzene decomposition, Oberlin et al. (1976) also 
observed a carbon filament resembling a SWCNT, but they did not claim it as a 
SWCNT.  
     Electron micrograph images displays that CNTs are long and slender cylindrical 
nanostructures with diameters of the order of few nanometers and lengths ranging 
from several nanometers to several millimeters (Iijima 1991). The geometry of a 
pristine CNT may be visualized by wrapping graphene sheet around a cylindrical 
surface. CNT has 1-D structure due to its periodicity in axial direction. The symmetry 
properties of CNT are defined by the translational vector Th along the axis and the 
chiral vector Ch normal to Th (Barros et al. 2006). Vector Ch gives the direction of 
wrapping with respect to the crystal structure; Ch, is expressed as Ch = na1 + ma2 
where a1 and a2 are lattice vectors of graphene lattice; n and m are a pair of integers 
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representing the chirality of CNT as shown in Figure 1.1. Chiral angle θ and diameter 


















   
aC-C = 1.421 Å 
(1.2) 
      CNTs are classified according to their chiral angles as follows: 
 Armchair CNTs for θ = 00 
 Chiral CNTs for 00 < θ < 300  and  
 Zigzag CNTs for θ = 300 (see Figure 1.1b).  
The L of a unit cell of CNT is equal to the magnitude of translational vector Th 
(Dresselhaus et al. 1995). Vector Th is orthogonal to the chiral vector Ch and its 
magnitude depends on chirality of CNT. 
 
Figure 1.1. (a) Translational vector Th and chiral vector (Dresselhaus et al. 1995) 
Ch (b) Three types of carbon nanotubes. 
     CNT consisting one cylindrical graphene layer is called SWCNT. MWCNT 
comprises multiple nested SWCNTs separated radially by 0.34 nm which is the 
equilibrium distance between two parallel graphene sheets. The mechanical strength 
of MWCNTs can be increased by reducing the inter-tube spacing below 0.34 nm by 
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using neutron irradiation (Xia et al. 2007). These MWCNTs are known as condensed 
MWCNTs, they have a higher mechanical strength when compared to the normal 
ones (Zhang et al. 2009a). The ends of the nanotubes may either be open or covered 
by a surface of similar crystal structure. In pristine SWCNTs, the ends are typically 
covered with hemispherical fullerene molecule whereas, in the case of MWCNTs the 
end caps are polyhedral (Saito et al. 1992).  
     Carbon-carbon covalent bonds are one of the strongest chemical bonds existing in 
nature. Hence, CNT possesses very high yield strength and Young’s modulus (E). 
CNTs also possess superior electrical and thermal conductivities compared to other 
materials. However, in this study, we shall restrict the work to study mechanical 
properties of CNT. Different experimental methods for characterizing the mechanical 
properties of CNT are summarized in Section 1.1.2 (Dresselhaus et al. 2004, Qian et 
al. 2002, Srivastava et al. 2003, Yakobson and Avouris 2001). 
1.1.2 Mechanical properties of CNT and its characterization 
The E of MWCNT was first calculated from intrinsic thermal vibration data of 
MWCNT recorded by using a transmission electron microscope (Treacy et al. 1996). 
By using the same technique, Krishnan et al. (1998a) calculated the E of SWCNT and 
Wei et al. (2008) determined the E and G of MWCNT. Lourie and Wagner (1998) 
used Raman spectroscopy to evaluate elastic moduli of CNT. Poncharal et al. (1999) 
measured the resonant vibration frequency of cantilever CNT by applying an electric 
field varying co-sinusoidally with time and estimated the E of CNT from its 
resonance frequency. The E and G of CNT were extracted from the force deflection 
curve obtained by performing bending experiment on an anchored CNT (Enomoto et 
al. 2006, Salvetat et al. 1999a, Salvetat et al. 1999b, Tombler et al. 2000, Wong et al. 
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1997). The CNT are usually bent by using atomic force microscope. Alternatively, 
bending of CNT nano-beam can also be performed with the aid of Lorentz force 
generated due to the passage of electric current through CNT in the presence of a 
perpendicular magnetic field (Wu et al. 2008). Yu et al. 2000b obtained the axial load 
versus deformation curve of MWCNT by directly stretching it using atomic force 
microscope (AFM). The E was extracted from axial load versus axial deformation 
curve. Similar experiments were also conducted by Wei et al. (2009), Wang et al. 
(2010b), and Zhang et al. (2012a) to measure the ultimate tensile strength of CNT. 
The mechanical properties under uni-axial deformation or bending can also be 
evaluated by performing nano-indentation experiment on vertically aligned CNT 
forest (Qi et al. 2003, Waters et al. 2005). Depending on the experimental technique 
employed, the E values of CNTs reported by various researchers are different. A 
summary of E of CNT measured from experiments are reported in Table 1.1. 
     It is possible to evaluate G of CNT from a three point bending experiment. Salvetat 
et al. (1999b) reported that G of SWCNT rope estimated from a three point bending 
experiment, depends on the D and L of SWCNT and G varies from 0.7-6.5 GPa. For 
MWCNT, Salvetat et al. (1999a) found the G of MWCNT to be 1 GPa. Torsional 
stiffness and G of CNT were also be evaluated by twisting the CNT (Fennimore et al. 
2003, Hall et al. 2006, Williams et al. 2003). In this technique, a metal plate is 
attached to the CNT suspended between two supports. The metal plate is rotated by 
using an AFM tip to obtain the torque twist response data. The torsional properties of 
CNT are calculated from its torque twist response.  However, the G calculated from 
twisting experiments are smaller when compared to those evaluated from a three point 
bending experiment. For instance, Fennimore et al. (2003) reported that MWCNT has 
G of 0.1–0.3 TPa. Similarly, the G reported by Hall et al. (2006) and Williams et al. 
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(2003) are 0.36–0.46 TPa for SWCNT and 0.6 TPa for MWCNT respectively; these 
values  of shear modulus are in good agreement with the theoretical shear modulus 
calculated by Lu (1997) using an empirical force constant model. 













- MWCNT 1.8 ± 1.4 






MWCNT 1.28 ± 0.6 
Krishnan et al. 
(1998b) 
Thermal vibration  SWCNT 1.3 ± 0.5 




0.34 SWCNT rope 
1.31 ± 0.66 - 
0.67 ± 0.34 




0.34 MWCNT 1.28 ± 0.59 









- SWCNT 2.8 ± 3.6 
(Yu et al. 2000b) Direct tension 0.34 SWCNT rope 0.32 ± 1.47 
Yu et al. (2000a) Direct tension 0.34 
Outer wall of 
MWCNT 
0.27 – 0.95 
Enomoto et al. 
(2006) 
Cantilever bending Ro -Ri MWCNT 3.3 




Ro -Ri MWCNT 0.13-0.93 
Wei et al. (2009) Direct tension 0.34 
DWCNT 
0.73 ± 0.07 – 
1.25 ± 0.13 
TWCNT 
2.73 ± 0.01 – 
7.17 ± 0.01 
Ro = radius of outermost shell, Ri = radius of innermost shell 
       CNT consists of a single or multiple atomic-layer thick cylindrical walls. As the 
walls are one atomic-layer thick, the out-of-plane flexural rigidity of CNT is much 
smaller compared to its in-plane axial stiffness (Srivastava et al. 2003). Owing to a 
low flexural rigidity, ripples are observed in CNT under compressive stress. The 
compressive stress in CNT can be generated from axial compression, or bending or 
torsion. Bending deformation generates wave like distortion on the compressive side 
of CNT (Poncharal et al. 1999) that can be seen in Figure 1.2. 
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Figure 1.2. High-resolution TEM image of bent nanotube (radius of curvature  
400 nm), showing characteristic wavelike distortion adopted from Poncharal et 
al. (1999). 
     Under compression, SCNTs with aspect ratios (L/D) ≤ 10.0 exhibit shell-like 
buckling mode whereas, SCNTs with L/D  15.0 buckle as beam (Hertel et al. 1999) 
as displayed in Figure 1.3. Moderately long SWCNT with 10 < L/D < 15, shows 
beam-shell buckling mode. 
 
Figure 1.3. TEM micrographs of buckled long and slender MWCNT adopted 
from Lourie et al. (1998). 
     The hollow cylindrical geometry gives CNT its high flexibility and the high 
strength of C-C covalent bond gives its superior fracture resistance (Falvo et al. 
1997). Therefore, CNT can undergo large reversible deformation without any material 
damage. For instance, Falvo et al. (1997) observed that CNT can be bent elastically 
 7 
into an arc with a radius that is three times of the cross-sectional radius of CNT. 
Similarly, Knechtel et al. (1998) also reported reversible bending of MWCNT. Under 
torsion, CNT behaves as a hollow cylindrical shaft and it buckles elastically in a helix 
deflected shape (Giusca et al. 2008).  
     Yap et al. (2007) reported that under compression CNT buckles elastically without 
any damage. Figure 1.4 illustrates a typical load-deformation curve of a MWCNT 
under cyclic compression, from this figure it is evident that CNT buckles elastically  
 
Figure 1.4. Load deformation curve of CNT under cyclic compression (Yap et al. 
2007). 
     Tensile properties of CNT were studied by stretching a straight CNT mounted 
between two AFM tips (Demczyk et al. 2002, Huang et al. 2006a, Marques et al. 
2004, Yu et al. 2000a). Yu et al. (2000a) found that MWCNT undergoes a sword-in-
sheath breaking mechanism under tensile deformation. In the experimental set-up, 
only the outer layer of MWCNT may get strongly bonded to the AFM tip. Since the 
interlayer shear resistance is small the outer layer carries the initial tensile load. When 
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the outer layer breaks it gets pulled out of the SWCNT giving a sword-in-sheath type 
fracture. However, in some cases interlayers may also get pulled out if they are also 
strongly bonded with AFM tip. Yu et al. (2000a) also noticed that at a high strain, 
MWCNT suffers from Poisson’s contraction. Demczyk et al. (2002), conducted 
tensile experiments on MWCNT at low temperature. Their experiments revealed that 
at a low temperature, the MWCNT undergoes brittle type fracture without narrowing 
down of the cross-section (see Figure 1.5).  
 
Figure 1.5. (a) Tensile testing of MWCNT. Black arrow represent fixed end and 
white arrow represents moving direction. (b) MWCNT after breaking 
(Demczyk et al. 2002). 
     Marques et al. (2004) reported that CNT behaves like brittle material at low 
temperature and high strain rate. On the contrary, CNT behaves plastically at a high 
temperature and low strain rate. This is because, at a high temperature and under a 
slow strain rate the formation of defect is facilitated which allows a gradual release of 
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internal stress leading to ductile behaviour. Experiments performed by Huang et al. 
(2006b) established that at temperature beyond 2273 K SWCNT can undergo 280% 
axial strain with 90% radial contraction without breaking. As shown in Figure 1.6, 
Huang et al. (2006b) observed that during the tensile straining process kinks are 
formed that propagate along the tube and then pile up (or disappear) at the ends. They 
inferred that the kinks are associated with one or several unit dislocations that have a 
Burgers vector of 1/ 3<1120> type.  
 
Figure 1.6. Elongation of SWCNT under tensile deformation Huang et al. 
(2006b) 
     Wang et al. (2010b) carried out tensile test on CNT to investigate the effect of 
defect on its tensile strength. By assuming a cylindrical shell model with thickness of 
0.34 nm, they calculated the failure stress of a pristine SWCNT to be equal to 102 ± 
13 GPa; these values are close to the theoretical calculations of 75-135 GPa 
(Dumitrica et al. 2006, Dumitrică et al. 2003, Mielke et al. 2004, Ogata and Shibutani 
2003). Researchers observed that the presence of defect reduces the failure stress and 
increases the ductility of CNT. It was noticed that tubes without visible defect 
manifest lower failure stress. So, it indicates the presence of atomic scale defects in 
CNT that are not detectable by available resolution of TEM. Wang et al. (2010b) 
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inferred that, the reduction of CNT failure stress by 14-33% is caused by these 
vacancy defects.  
     Radial elasticity of SWCNT was measured by Yang and Li (2011) by squeezing 
the circular cross-section of SWCNT using AFM tip. They found that the radial 
modulus (Eradial = applied stress/radial strain) of SWCNT decreases nonlinearly from 
57 GPa to almost 9 GPa as the D of SWCNT increases from 0.92 to 1.91 nm.   
     Theoretical calculations revealed that due to the curvature effect, all CNTs with n 
– m = 3i, where i is a nonzero integer, behave as semiconductors at room temperature. 
Whereas, all armchair tubes are metallic (Dresselhaus et al. 2004, Odom et al. 2002). 
It is also noticed that the energy gap between conduction band and valence band 
reduces with increase in tube radius. This observation is supported by experiments 
performed by Ebbesen et al. (1996). Therefore, the electrical properties of CNT can 
be controlled by imposing mechanical deformation (Pullen et al. 2005, Yang et al. 
1999). Experiments investigations (Fennimore et al. 2003, Giusca et al. 2008, Hall et 
al. 2007, Hall et al. 2012) revealed that under torsional deformation the chiral indices 
change which in turn alters the electrical conductivity of CNT. 
     Thermal properties of CNTs are dominated by phonons that are collective normal-
mode vibration of atoms. The small frequency phonons are the carriers of thermal 
energy. Thermal conductivity h of CNT along axial direction can be related to the 
wave propagation speed of phonon via h = Cv
2τh, where v is the wave propagation 
speed along axis of tube, C the specific heat, τh the relaxation time of a given phonon 
state. It is observed that thermal conductivity increases quadratically with respect to 
temperature (Hone et al. 1999, Kim et al. 2001). Below the Debey temperature D, 
the specific heat C of CNT increases linearly with temperature (Dresselhaus et al. 
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2004). External mechanical constraints can be imposed on CNT to alter the phonon 
vibration frequencies and thereby changing the thermal properties (Li et al. 2010). It 
is found that the thermal expansion coefficient of CNT is very small due to the strong 
C-C bond. However, with an increase in temperature the bond weakens leading to 
increase in thermal expansion coefficient. Atomic separation caused by tensile 
deformation also reduces the bond strength hence increases the thermal coefficient. 
      CNTs with a very high aspect ratio (L/D ratio ~ 1000), can be used as a substitute 
to conventional fiber materials such as electro-spun (E/S) glass, para-aramid synthetic 
fiber, and polyacrylonitrile (PAN) based carbon fiber. A comparison of mechanical, 
electrical, and thermal properties between CNTs and conventional fiber materials are 
given in Table 1.2 and Table 1.3. These tables display that the mechanical properties 
(breaking strain, tensile strength, E) of CNT are superior compared to those of 
conventional fiber materials and the CNT fibers are also lighter and their transport 
properties (thermal and electrical conductivity) are also comparable to very highly 
conductive fibers. Although the thermal conductivity of CNT is much less compared 
to PAN carbon fibers, but the overall properties of CNT are much superior to PAN 
carbon fibers. 













CNT (Koziol et al. 2007) 1.3 - 2 0.2 – 5 10 – 60 ~ 10.0 
HS Steel 7.8 0.2 4.1 < 10.0 
Carbon fiber PAN 
(Liu et al. 2008) 
1.7 - 2 0.2 - 0.6 1.7 - 5 0.3 - 2.4 
Carbon fiber - Pitch 2 - 2.2 0.4 - 0.96 2.2 - 3.3 0.27 - 0.6 
E/S – glass 2.5 0.07 - .08 2.4 - 4.5 ~ 4.8 




Table 1.3: Electrical and thermal properties of CNT 
Material 
Thermal 
conductivity  W(mK) 
at 298 K 
Electrical 
conductivity (S/m) 
at 298 K 
CNT 






Copper 400 6 x 10
7
 
Pitch  carbon fiber 1000 2 x 10
6
 - 8.5 x 10
6
 
PAN  carbon fiber 8 x 105 6.5 x 10
6
 – 1.4 x 107 
Source: http://www.nanocyl.com/CNT-Expertise-Centre/Carbon-Nanotubes. 
1.1.3 Applications of CNT 
Carbon nanotubes have high breaking strength, elastic moduli, and superior transport 
properties compared to nanowires made of other chemical species. Moreover, due to 
the small size of CNT the external mechanical deformation changes its electronic 
structure thereby affecting its electrical and thermal properties. Hence, CNT may be 
exploited for various applications in nano-scale devices (Kreupl et al. 2008). Its 
diverse applications in different fields of engineering and science are listed below. 
a) Mechanical, materials and structural systems 
 Hierarchical composites and metal matrix composites (Liu et al. 2012, 
Qian et al. 2010). 
 Polymer composites (Harris 2004). 
 Nano-gears (Endo et al. 2006a). 
 Artificial muscle (Aliev et al. 2009). 
 CNT-based  cement composites (Gdoutos et al. 2010, Makar et al. 2005, 
Zhu et al. 2004). 
 Atomic force microscope (AFM) probes (Stevens et al. 2000). 
 Nano-cutting tool (Duan et al. 2010). 
 Strain coating (Withey et al. 2012). 
 Mechanical energy storage devices (Cao et al. 2005, Hill et al. 2009b, 
Kozinda et al. 2012). 
 High performance composites (De Volder et al. 2013). 
 Pressure sensor (Stampfer et al. 2006a, Stampfer et al. 2006c). 
 Ultraminiaturized mass sensor (Chiu et al. 2008). 
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b) Electro-magneto-mechanical systems  
 Buckypaper (Wang et al. 2008). 
 Stretchable and flexible electronic circuits (Jung et al. 2006, Sun et al. 
2011). 
 Electronic motor brushes (Endo et al. 2006b). 
 Electro-mechanical transducers (Cohen-Karni et al. 2006, Hall et al. 
2007). 
 Thin film transistor (Ko and Tsukruk 2006). 
 Electromechanical displacement sensor (Avouris and Chen 2006, 
Dahmardeh et al. 2013, Hill et al. 2009a, Hill et al. 2009b, Jung et al. 
2006, Ko and Tsukruk 2006, Lomov et al. 2011, Stampfer et al. 2006a, 
Stampfer et al. 2006b, Stampfer et al. 2006c, Tombler et al. 2000, 
Velasquez-Garcia et al. 2010, Withey et al. 2012).  
c) Green technologies and hydrogen storage 
 Solar cells (Guangyong and Liming 2011, Klinger et al. 2012). 
 Membrane filters (Tanaka 2010). 
 Hydrogen storage (Cheng et al. 2001). 
Many of the above CNT applications rely on mechanical and electro-mechanical 
properties of CNT that prompted us to study the mechanics of single nanotube CNT. 
A few of these applications are displayed next. 
Tapping mode AFM is generally used to characterize the small scale features on any 
material surface with the aid of voltage deflection curve in Figure 1.7b. During the 
tapping process the CNT may buckle giving abrupt jump in voltage deflection curve. 
Hence, the effect of buckling needs to be accounted for to accurately image the 
material surface. Therefore, it is important to study the compressive buckling 
characteristics of CNT. 
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Figure 1.7: CNT based nano-probes for imaging material surface using tapping-
mode microscopy (a) CNT probe, (b) voltage displacement curve (c) different 
stages of tapping-mode microscopy and possibility of buckling of CNT tip 
(Wilson and Macpherson 2009). 
Figure 1.8 describes a CNT based pressure sensor where a CNT is attached to a 
membrane. In this device, the stretchability of CNT is utilized to measure the pressure 
on the membrane. Stretchability of CNT is related to tensile properties, so it is also 
important to study the mechanics of CNT under tension. Similarly, mechanics of CNT 
under torsion should be investigated because devices such as CNT-based torsional 
NEMs shown in Figure 1.9 relies on torsional properties of CNT. Other than that, 
CNT based mass sensors rely on vibrational characteristics of CNT, so it is also 







Figure 1.8: CNT pressure sensor (Stampfer et al. 2006c). 
 
Figure 1.9: CNT-based torsional NEMS (Cohen-Karni et al. 2006). 
1.2 Computational models to study mechanics of carbon nanotubes 
CNTs have extremely small dimensions with diameters of a few nanometers and they 
can have lengths in excess of 1μm. As they are very small in size, one requires 
expensive instruments like atomic force microscope (Tombler et al. 2000) or optical 
tweezers for picking and aligning the CNTs (Xu et al. 2009), and high resolution 
microscopes such as scanning electron microscope (Tombler et al. 2000) for structural 
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imaging. Nanotubes with L in the range of 10-300 nm have potential use in nano-
electronic devices (Popov 2004). However, due to the unavailability of very small 
nano-indenters and high precision measuring instruments, current experimental 
devices set a lower bound for experimental investigation of MWCNTs at 50 nm in L. 
The challenge in CNT experiments is further evidenced from the fact that relatively 
few experimental studies have been published. Researchers therefore rely on 
computational simulations that offer an inexpensive and versatile tool to study CNTs 
of any size, configuration, and loading pattern. Furthermore, the analysis results 
obtained from computational simulation can be used as a guide to plan and conduct an 
experiment. Computational models are broadly classified into atomistic models and 
continuum models. In the following sections, different types of computational models 
for CNT are described. 
1.2.1 Atomistic models of carbon nanotubes 
Atomistic models of CNT may be grouped into two categories: (1) First principle 
approach and (2) molecular dynamics or molecular mechanics calculations. First 
principle approaches rely on solving the Schrödinger equation (SE) to obtain the 
properties of CNT. The ground state properties of CNT are calculated by solving the 
time independent SE. SE can be solved directly by using the finite difference 
approach (Varga and Driscoll 2011), it is a computational intensive task for many-
body system. The most popular method for solving SE is the density functional theory 
(DFT). DFT relies on the two assumptions proposed by Hohenberg-Kohn (Varga and 
Driscoll 2011) 
 The total ground state energy from SE is a unique function of the electron density. 
 The electron density that minimizes the total energy of the system is the true 
electron density corresponding to the full solution of SE.  
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Kohn-Sham proved that for a many-body problem the SE can be replaced by an 
equivalent set of equations, each of these equations involves a single electron. This 
idealization of a many-body system is similar to Thomas Fermi plum pudding model 
of atoms. Kohn-Sham proposed that the electrons in a many-body system are non-
interacting and floats in an effective potential. Since it is assumed that the electrons 
are non-interacting, an exchange correlation potential VXC(r) is added in SE as a 
corrective term. In Kohn-Sham formulation the SE can be written as 
  
2
2 ( ) ( ) ( ) ( )
2
H XC i i i
h
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where V(r) is the nuclei-electron interaction potential, VH(r) the Hartee potential that 
accounts for electron-electron interaction, VXC(r) the exchange correlation potential, 
ψi(r) the wave function of i
th
 electronic state and Ei the eigenvalue corresponding to 
the wave function ψi(r). 
The term VXC(r) is the functional derivative of EXC[n(r)] with respect to the density of 
electron n(r). It is an active area of research to develop EXC (r) for solving Equation 
(1.3). The first, most common, and simplest form of EXC is obtained by assuming a 
local density approximation (LDA). In LDA, the EXC is derived by assuming a 
constant n(r). Alternatively, in a generalized gradient approximation (GGA), EXC is 
derived as a function of n(r) and n(r). By applying Kohn-Hohenberg postulates, the 
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In Equation (1.4) the last term is nuclei-nuclei interaction energy. It is apparent that 
Equation (1.3) is nonlinear and needs to be solved iteratively. For solution, the wave 
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 r  , where θ is known and it is 
similar to the shape function used in a finite element method and cik are the co-
efficient which are to be calculated. So the steps for DFT are as follows: 









 r  for calculating the coefficients, and use Galerkin 
approach to calculate cik. 
 Calculate the new density n(r) from *( ) 2 i i
i
n   r  
 If the calculated n(r) matches with no(r), then n(r) is the true solution and 
compute the total energy from Equation (1.4) 
Alternative first principle approaches are tight binding calculations, the Hartee Fock 
method (Varga and Driscoll 2011) etc. For evaluating mechanical/electronic 
properties of CNT, researchers have used DFT calculations with both GGA type and 
LDA type EXC functionals (Blase et al. 1994, Casillas et al. 2014, Liu et al. 2007, 
Ogata and Shibutani 2003, Wei et al. 2013, Zang et al. 2009).  
     When the number of atoms in CNT is more than 100 DFT calculations are time 
consuming without the aid of high performance computing. Therefore, researchers 
resort to comparatively less computationally intensive calculations such as molecular 
mechanics (MM) and molecular dynamics (MD). MD theories are derived from time 
dependent Schrödinger equation by imposing the Born Oppenheimer approximation 
(Griebel et al. 2007). In MD, the atoms are treated as interacting classical point 











F  (1.5) 
where, mi = mass of an atom, Ri = position vector of an atom, Fi = force vector acting 
on atom i 
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     In Ab-initio type MD simulations, force Fi on any atom is calculated on-the-fly 
from electronic structure calculation such as tight-binding approach or DFT. On the 
other hand, in classical MD simulations, Fi is evaluated by taking the gradient of the 
potential energy function E with respect to Ri. The first step of constructing the 
potential energy function E is to assume a form consisting of valence terms (bond 
stretching, angle bending, dihedral angle torsion, improper torsion), valence cross 
terms, non-bond terms (eg. van der Waals force, electrostatic force). Then the 
parameters of E are either calibrated against first principle calculation results or 
experimental results e.g. bond energy and vacancy formation energy. Once E is 
selected, the MD simulation is performed by integrating Newton’s equations of 
motion using explicit integration algorithm such as the velocity Verlet algorithm 
(Côté et al. 2001) with a small time step. MD simulations for CNT will be discussed 
in detail in Chapter 2. Near 0 K researchers often carry out molecular mechanics 
(MM) simulations. Similar to MD simulations in MM, the atomic forces are 
determined from the gradient of the inter-atomic potential energy function. The 
atomic positions are optimized by using various optimization schemes such as the 
conjugate gradient, the steepest descent, and Hessian free truncated Newton to 
achieve an atomic configuration where the total potential energy is minimized. 
Researchers also use Newton Raphson or modified Newton Raphson algorithms for 
the optimization process, but in these cases the second gradient of total potential 
energy is also evaluated. The atomic scale finite element approach is an example of 
such method (Liu et al. 2004). 
1.2.2 Continuum models of CNT 
For CNT, there are different types of continuum models such as atomistic-based 
continuum shell model, conventional shell model and latticed shell model.  
 20 
     In atomistic-based continuum model, which is also known as Type II continuum 
model (Wu et al. 2009), the atomistic deformations are linked with macro-scale 
deformation using the Cauchy Bornv (CB) rule. The CB rule can be classical type 
(Pozrikidis 2009, Zanzot 1992), exponential type (Arroyo and Belytschko 2004), or it 
can the higher order CB rule (Sun and Liew 2008). Then, the governing equilibrium 
equations for the atomistic-continuum shell theory are derived by using the principle 
of virtual work.  These equilibrium equations are solved numerically. Zhang et al. 
(2002) and concurrently Arroyo and Belytschko (2002) proposed atomistic-based 
shell model for SWCNT. However, Zhang et al. (2002) used the CB rule for non-
centro-symmetric crystals and Brenner potential (Brenner 1990) to derive the 
equilibrium equations for SWCNT. On the other hand, Arroyo and Belytschko (2002) 
used the exponential CB (ECB) rule for non-centro-symmetric crystalline thin films 
with Morse potential. In their formulation, they considered the curvature effect. Yang 
and Weinan (2006) proposed the use of local CB rule that used displacement gradient 
(u) and .u in reference configuration, to interpolate the deformation of SWCNT. 
They demonstrated that LCB can predict cr/cr buckling angle close to MD 
simulation results. Both LCB and ECB considered higher order effects. In LCB, the 
higher order effect incorporated by gradient of u. In ECB, the curvature tensor takes 
care of higher order effect. Jiang et al. (2005) used the CB rule with local harmonic 
approximation to derive a temperature dependent atomistic-continuum shell model for 
SWCNT. Atomistic-continuum shell model can accurately model SWCNT but these 
methods are very difficult to implement. Moreover, for complicated interatomic 
potentials such as REBO
2nd
 the derivations of the governing equations become very 
cumbersome. Therefore, researchers use conventional continuum theories for CNT 
that are also known as Type I continuum theories (Wu et al. 2009). Peng et al. (2008) 
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asserted that atomistic-based continuum shell theories are most accurate because its 
constitutive relation can incorporate the coupling between bending moment and 
membrane forces. 
     Conventional shell theories such as the Donnel shell theory (DST), the Sanders 
shell theory (SST), and first order shear deformable shell theory (FSDST) have been 
used to analyze CNTs (Wang et al. 2011). Peng et al. (2008) showed that if a constant 
thickness is used to model SWCNT, the order of error increases. Therefore, one needs 
to correctly calibrate material properties such as E, Poisson ratio () and geometrical 
properties eg. shell thickness (h) to accurately predict the mechanical responses of 
CNTs using Type I shell theories. The material and geometrical properties of SWCNT 
may vary with different modes of loading. For instance, the shell thicknesses of 
SWCNT for different modes of tension have been assumed to be different (Huang et 
al. 2006c).  
     Researchers also have employed the latticed shell model for SWCNT where the 
carbon-carbon bonds are modeled as frame elements (Li and Chou 2003). Linear 
elastic material models are used for these frame elements to analyze compression and 
torsion problems. The properties of these frame elements are calculated from an 
interatomic potential. For analyzing the nonlinear tensile response of SWCNT, either 
the researchers have used a nonlinear constitutive model derived from interatomic 
potential (Xiao et al. 2005) or a hyperplastic constitutive relations is used (Saavedra 
Flores et al. 2011b). For material-nonlinear problems, these latticed shell models 
become very time consuming. Liu et al. (2004) derived an atomic scale finite element 
method (AFEM) for CNT. In AFEM, the total potential energy of CNT is minimized 
to obtain the governing equations similar to those in a finite element method given by 
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Ku=F, where K is tangent stiffness matrix, u is nodal displacement vector, F is nodal 
force vector. Then these equations are solved by the Newton Raphson (NR) method, 
or modified Newton Raphson (mNR) method. The latticed-shell approach and AFEM 
are somewhat similar to the MM method, but the solution strategies in these two 
techniques are different. In AFEM and latticed-shell methods, second order solution 
techniques such as Newton Raphson and modified Newton Raphson are used. 
Whereas, MM employs Hessian-free solution algorithms, such as conjugate gradient 
and steepest descent methods, to solve the equations of equilibrium. Since the 
latticed-shell and AFEM model uses second order solution techniques, it has faster 
convergence rate than MM. Then again, the calculation of the Hessian matrix 
becomes computationally intensive, because the second gradient of the total potential 
energy needs to be computed to construct the Hessian matrix. 
1.3 Literature review 
The literature review is divided into 3 distinct subsections covering atomistic and 
continuum results for buckling, tensile response, and calculation of vibration 
frequencies of CNT. Recent review on buckling of CNT can be found in (Shima 2011, 
Wang et al. 2010a). 
1.3.1 Atomistic simulations of compression and torsional buckling of CNT 
Buckling is a geometric nonlinear phenomenon. Hence buckling characteristics 
depend on size of CNT. Owing to computational difficulty in simulating CNT of 
finite size using first principle calculations, researchers mainly rely on molecular 
dynamics or molecular mechanics simulations to study the buckling behaviour of 
CNT (Ogata and Shibutani 2003). 
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 Compression buckling 
 Liew et al. (2004) conducted MD simulations for compression buckling of MWCNTs 
by displacing one end of the tube with incremental displacement rate d = 20 m/s for 
SWCNT and d = 10 m/s for MWCNT. Gear’s predictor algorithm (Gear 1971) was 
used to integrate the equation of motions with a time step (Δt) size of 1 fs (10-15 s). 
From their study, they observed that unlike SWCNTs the potential energy of 
MWCNTs increase spontaneously after buckling due to the formation of the inter-
tube sp
3
 bond that strengthens the MWCNTs in the post-buckling regime. They 
concluded that the critical buckling load increases with increasing D of the tube and 
with increasing number of walls. 
     Sears and Batra (2006) used the molecular mechanics (MM) simulation package 
TINKER (Ponder 2000) to investigate the buckling of zigzag MWCNTs under axial 
load. Before starting the MM simulation the CNT was relaxed. Then, a sinusoidal 
perturbation with amplitude of 0.5% of the tube L was introduced in the system. The 
end of the tube was displaced incrementally in small steps. At each step, the potential 
energy of the system was minimized to achieve the equilibrium configuration. Axial 
load, potential energy, and strain values were obtained from the MM simulation 
results. They reported that when the wall of the tube in MWCNT buckles in a shell 
mode the total strain energy of the system gets lowered. Energy terms such as those 
due to a change in bond length are reduced, while the energies associated with bond 
torsion and the out-of-plane terms (dihedral torsion, improper torsion) are increased. 
They defined buckling as the situation when the maximum lateral deflection of the 
MWCNT equals the smaller of 1% of its L or 10% of its radius. The latter criterion 
was used for shell like buckling mode. It was observed that the inter-tube vdW force 
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causes the DWCNT to behave as a unit. As a consequence, the buckled shape is the 
same for all the walls. In MWCNT, the axial strain at the initiation of the shell wall 
buckling was found to be equal to the axial strain of largest the SWCNT constituting 
the DWCNT. In this work, they used the thick shell theory with a pseudo pressure 
model (developed based on MM simulations) as well as a tri-linear inter-tube vdW 
force model for estimating the cr of zig-zag type DWCNTs. They claimed that the 
continuum based results with the tri-linear van der Waals force model for critical 
buckling strain of DWCNTs came close to their MM simulation results. They 
reported that the consideration of vdW force in estimating cr is essential because 
vdW interaction couples the deformations of outer and inner wall. However, it was 
also seen that exact modeling of vdW interaction is not very critical. A simple model 
is good enough to give accurate critical buckling strain results for MWCNTs. 
     Batra and Sears (2007) used MM simulations to study the buckling problems of 
SWCNT and MWCNT under axial load, bending, and torsion. For buckling of 
DWCNT under axial load, two types of simulations were carried out. One type of 
simulation was termed as “slip case” where only the outer tube was loaded. The other 
type of simulation was termed as “fully constrained”; here loads were applied by 
displacing the wall ends of the DWCNT. In a fully constrained case, both walls 
deform radially by the same amount under axial strain. Therefore, in this case the 
inter-tube separation remains almost same; because of this no significant change in 
van der Waals force was observed. However, they mentioned that in the “slip case” 
the outer wall deforms radially which causes a change in van der Waals force. Due to 
the change in vdW interaction the buckling load of outer-tube increases as the inner-
tube prevents the radial deformation of outer tube. They also used this shell model for 
MWCNT (Sears and Batra 2006). 
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     Zhang et al. (2007) carried out MD simulations to examine the effect of strain rates 
on compressive buckling behaviour of CNTs. From their study, it was concluded that 
Pcr and cr of DWCNT increase linearly with increasing strain rate. Buckling mode 
was also found to be affected by the strain rate. Zhang et al. (2007) also studied the 
effect of inter tube van der Walls force and inferred that the inter-tube van der Waals 
force increases Pcr of axially loaded DWCNTs.  
     Compressive buckling of CNT with various aspect ratios was studied by Lu et al. 
(2008a) using MD simulations. Four atomic layers on either ends were held fixed so 
as to simulate the clamped boundary condition. In their MD simulations, one end of 
the tube was displaced downwards with an incremental displacement rate of 10
-12
 
nm/fs. The MD simulations were carried out by integrating the equations of motions 
using the Leap-Frog algorithm. They concluded that the effect of number of constraint 
layer has insignificant effect on buckling strain/load of CNTs. It was found that for 
CNTs with large aspect ratios, the buckling strain is independent of the unconstrained 
L of the tube. They also reported that the buckling strength is dominated by size of 
outermost shell for MWCNTs.  Lu et al. (2008b) conducted MD simulation in a 
similar way as described by Lu et al. (2008a). Based on extensive numerical 
simulations, they concluded that the time step size of 1 fs adopted in their MD 
simulations does not cause excessive computational rounding errors. They found that 
global buckling is preceded by local buckling for short SWCNTs whereas, local 
buckling follows the global buckling for longer tubes. DWCNT displayed similar 
buckling pattern as SWCNTs but with the interplay between inner and outer tubes due 
to the van der Waals interaction. Short DWCNTs buckle with ripples on their outer 
shell first, but comparatively longer DWCNTs buckle in a combined local and global 
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lateral bending mode. They also found that the buckling strength of nanotubes reduces 
with an increase in temperature. 
    Zhang et al. (2008) used MD simulations to investigate the effects of wall numbers 
and outer D on the compression buckling behaviour of MWCNTs. It was observed 
that by keeping the number of walls constant if the outer D was increased then cr 
decreases. However, cr increases if the number walls are increased keeping the outer 
D constant. On the contrary, Zhang et al. (2008) found that the cr of MWCNTs are 
reduced if the wall number is increased while keeping the inner-tube D constant. 
    Torsional and compression properties of DWCNT were studied by Zhang and Shen 
(2008) using MD simulations. They found that E decreases with increasing 
temperature and L of tube. The shear modulus (G) increases with increase in L. 
However, G is marginally affected due to change in temperature.  
     Kulathunga et al. (2009) carried out MD simulations by using COMPASS 
potential (Sun 1998). They adopted an incremental displacement of 0.05 Å and time 
step size of 0.5 fs. These results were used to calibrate the continuum shell model 
proposed in their work.  
     Zhang et al. (2009a) conducted MD simulations on CDWCNTs (condensed double 
walled carbon nanotubes) to study their behaviour under compression, torsion, and 
bending. Gear’s predictor algorithm was used to integrate the equation of motions 
with a time step size of 1 fs. They observed that the mechanical strength of 
CDWCNTs increases with decreasing inter-wall spacing. 
     MM simulations using COMPASS potential (Sun 1998) were performed by 
Korayem et al. (2012) to investigate the behaviour of short MWCNTs under 
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compressive load. They concluded that cr of short MWCNT decreases with increase 
in number of walls. It was also observed that chirality does not affect the buckling 
mode and cr of short MWCNTs. 
     We found that the existing database of MD results is not suitable as benchmarks 
for continuum models. Different researchers have used different simulation 
parameters and different CNT geometries for their studies, which gave inconsistent 
results on two fronts. First, for CNTs of the same dimension and configuration, 
different buckling strains were reported. Secondly, a few researchers using the same 
simulation technique and parameters reported a larger buckling strain with larger 
CNT aspect ratios which goes against physical reasoning.  Figure 1.10 and Figure 
1.11, illustrate these observations using the reported compressive buckling strains (cr) 
of SWCNT(5,5) and DWCNT ((5,5),(10,10)). 
 
Figure 1.10: Discrepancies in reported cr of SWCNT(5,5) 
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Figure 1.11: Discrepancies in reported cr of DWCNT((5,5),(10,10)). 
     Figure 1.10 and Figure 1.11, demonstrate that COMPASS potential gives cr 
values lesser than the cr values predicted by REBO
2nd
 + LJ potential. It is evident that 
even with same potential the cr value for the same SWCNT are different. In Figure 
1.11, it can be seen that the εcr of a CNT with aspect ratio of 8.9 varies between 0.06 
and 0.047. Hence, the reported results are inconsistent. Korayem et al. (2012) and 
Kulathunga et al. (2009) both used the COMPASS potential to calculate cr of 
DWCNT((5,5),(10,10)), but arrived at a physically contradictory result of a larger cr 
of 0.0475 for an aspect ratio of 12, and a smaller buckling strain of 0.0435 for an 
aspect ratio of 8.9. Although, the more recent work of Korayem et al. (2012) reported 
a physically consistent trend of monotonically decreasing cr with increasing L/D, the 
glaring inconsistency with Kulathunga et al. (2009) makes it difficult to ascertain the 
accuracy of each model. Hence, the present MD results are unreliable for calibrating 




 Torsional buckling 
Table 1.4 and Table 1.5 summarize the Mcr and cr of SWCNT and DWCNT 
respectively. 
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4.3 (14,0) 80.11 0.066 
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30.0 10.2 1.396 
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0.01 11.5 (10,10) 31.9 1.361 
Yang and Wei (2009) MD 0.01 5.0 
(5,5) 7.5 0.960 
(10,10) 20.0 0.314 
Jeong and Sinnott 
(2010) 






MD AIREBO - 
12.2 (10,0) 6.4 1.650 
14.0 (12,0) 7.2 1.220 
17.0 (14,0) 7.7 1.050 
18.5 (16,0) 8.2 0.850 
24.6 (20,0) 9.0 0.710 
9.9 (5,5) 5.7 1.499 
11.8 (6,6) 6.5 1.239 
16.0 (8,8) 8.01 0.901 
24.3 (8,8) 8.04 1.381 
31.9 (8,8) 8.02 1.810 
20.0 (10,10) 9.7 0.700 







300 9.0 0.873 
800 8.7 
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300 (20,20) 30.9 
1 (10,0) 8.2 1.012 





















7.4 (8,0) 62.4 0.177 
7.0 (5,5) 64.6 0.170 
6.6 
Clock 
(6,3) 63.4 0.189 
6.6 
anticlock 
(6,3) 65.8 0.196 
Note: please refer to Figure 4.4 for the definition of twist direction.  




















6.5 --- 1.047 
9.0 --- 1.396 
11.5 ~42.0 1.745 
13.9 --- 2.059 
16.4 --- 2.409 
18.8 --- 2.705 
21.3 --- 2.967 




9.5 32.4 0.908 









8.3 43.6 --- 
Note: all these MD simulations were performed using the REBO
2nd
 + LJ potential. 
From Table 1.4 and Table 1.5 the consistency of MD results cannot be easily 
ascertained because different researchers have used different CNT geometries for 
their simulations. 
1.3.2 Atomistic and continuum models for CNT under tension 
Belytschko et al. (2002) carried out molecular mechanics (MM) simulations with 
modified Morse and REBO potential; they observed that the simulated tensile 
response of CNT is not in good quantitative agreement with experimental results 
performed by Yu et al. (2000b). They inferred that the difference in results might be 
due to the slippage at the attachment between CNT and loading instrument. Moreover, 
the difference in simulations and experiment test results may be also due to the 
presence of defect in CNT. Belytschko et al. (2002) also observed that the stress (tZ)-
stretch (λZ) curve obtained using bond-order potential such as Brenner (1990), 
displays a non-physical increase in tensile stress. Therefore, these types of potentials 
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need to be modified to study CNT under tensile deformation. The details regarding 
this modification can be found in Chapter 6. By using first principle calculations and 
MD simulations with the Brenner potential Troya et al. (2003) found that the fracture 
strain of pristine CNT predicted by Brenner potential is 41% whereas the 
experimentally observed breaking strain of pristine CNT was 30 % (Bozovic et al. 
2003). After modifying the Brenner potential as suggested by Belytschko et al. 
(2002), the fracture strain of CNT was 25.6%. This value agrees well with 
experiments and first principle calculations. Wei et al. (2003) used the Tersoff 
Brenner (Brenner 1990, Tersoff 1988) potential to calculate the fracture strain of CNT 
at various temperatures and strain rates. Then using the transition state theory, they 
developed an analytical model for predicting fracture strain that accounts for strain 
rate and thermal effects. Based on first principle calculations Ogata and Shibutani 
(2003) demonstrated that pristine CNT exhibits nonlinear stress-softening response 
under tension and the breaking stress/stretch of CNT depends on the tube chirality. 
First principle calculations performed by Mielke et al. (2004) ascertained that pristine 
CNT manifests nonlinear stress-softening response under tension. They noticed that 
MD simulations with the Brenner potential underestimate the mechanical properties 
of CNT. By comparing experimental results with MD simulations they concluded that 
under a high strain rate and low-temperature CNT behaves as a brittle tube. If the 
temperature is very high, CNT behave as ductile material. Duan et al. (2007b) carried 
out MD simulations with COMPASS, MM, and REBO potentials. By treating the MD 
simulation (based on COMPASS potential) results as benchmark they showed that the 
Modified Morse potential and the analytical formula for breaking strain proposed by 
Dumitrica et al. (2006) give a good estimate of breaking strain. However, it should be 
noted that the breaking strains (predicted by COMPASS and the analytical formula by 
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Dumitrica et al. (2006) are comparatively larger than that obtained from first principle 
calculation results (Mielke et al. 2004, Ogata and Shibutani 2003). MD simulations 
(with COMPASS potential) give the breaking strain of SWCNT(10,0) to be 35%. For 
the same tube, the breaking strains predicted by Ogata and Shibutani (2003) and 
Mielke et al. (2004) are 20% and 21%, respectively. Recently, while studying the 
tensile response of CNT junction using first principle calculations Kinoshita et al. 
(2013) asserted that pristine CNT tube exhibits nonlinear tZ- λZ relation under tension. 
Kinoshita et al. (2013) concluded that AIREBO is not suitable for studying CNT 
junctions under tension as it does not display a drop in stress as observed in first 
principle calculations. However, we will show that AIREBO can give good estimate 
of tensile tZ-λZ response of defect-free CNT close to first principle calculations.  
1.3.3 Vibration frequencies of CNT using atomistic calculations 
At small length-scale the mechanical, thermal and optical properties of material 
depend on phonon. Phonon describes the collective periodic motion of group of 
atoms. These phonon vibration frequencies are usually calculated from atomistic 
simulations such as MD. In the context of structural mechanics the phonon vibration 
frequency and associated motion are nothing but the modal frequency and mode 
shape. MD simulations reveal that long CNTs vibrate as beam structures (Batra and 
Gupta 2008, Chang 2013, Duan et al. 2007a, Gupta and Batra 2008) and evidently 
stalky CNTs show shell-like vibration modes (Gupta and Batra 2008, Gupta et al. 
2009). Duan et al. (2007a) carried out MD simulations using COMPASS potential and 
calculated the vibration frequencies by analyzing the MD simulation trajectories. 
Using the MD simulation results they calibrated the nonlocal parameter to be used 
with nonlocal Timoshenko beam theory. In the research studies by Batra, the 
frequencies were obtained by performing eigenvalue analysis in the MD software 
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package TINKER (Ponder 2004). Gupta and Batra (2010) calculated  of SWCNT 
from axial and torsional vibration frequencies with the aid of closed form expressions 
of vibration frequencies for linear elastic tubes. The E was calculated from axial 
vibration frequencies. Using h = 3.4 nm, the mass density () of CNT was estimated 
to be 2491 kg/m
3
. Batra and Gupta (2008) reported that SWCNT can be treated as 1 
nm thick cylindrical shell with E between 3.2 TPa and 3.4 TPa, and with  in-between 
0.203 and 0.029. They showed that by using these parameters 3D finite element 
solution can predict vibration frequencies close to atomistic simulation results. Gupta 
et al. (2010) performed extensive MM simulations to calculate the vibration 
frequencies of SWCNTs with different chirality. The values of E,, and h were 
obtained  with the aid of the frequencies from axial, torsional, lowest Love and radial 
breathing modes of vibration. Using these material parameters the thick shell theory 
or the 3D linear elastic theory can predict the vibration frequencies close to MM 
simulation. Gupta et al. (2009) studied vibration of zigzag SWCNTs using atomistic 
simulation, 3D-linear elasticity theory, and thick shell theory. It was observed that 
continuum models give a good prediction of the extensional vibration modes that are 
close to MM simulation results. However, if the circumferential wave number is large 
the continuum model fails to predict the in-extensional vibration frequencies of zigzag 
SWCNTs. In case of zigzag SWCNTs, they observed that as the circumferential wave 
number increases the in-extensional vibration frequencies predicted by the continuum 
model become larger than the vibration frequencies obtained from MD simulation 
results. So they claimed that vibration response of zigzag SWCNTs cannot be 
calculated by using continuum models. Chang (2013) used the frequency domain 
decomposition technique to extract the mode shapes and modal frequencies from MD 
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simulation trajectory; but they only investigated the modal frequencies of SWCNT 
with large aspect ratios that exhibit beam-like vibration. 
   Other than atomistic calculations there are also different continuum models for 
vibration analysis of CNT proposed by various researchers (Alibeigloo and Shaban 
2013, Ansari et al. 2012, Elishakoff and Pentaras 2010,  Fazelzadeh and Ghavanloo 
2012, Hu et al. 2012, Yan et al. 2013)  
1.4 Objectives of thesis  
The objectives of the thesis are summarized as follows 
 The AIREBO potential can accurately model graphene but, surprisingly it has not 
been used to investigate buckling of CNT under compression. Moreover, existing 
MD results are not comprehensive enough to aid in developing a continuum shell 
model of CNTs under compression or torsion. Therefore, we have performed 
extensive MD simulations with AIREBO for compressive buckling and torsional 
buckling of CNT. The large amount of results obtained will not only serve to 
figure out the discrepancies found in the existing MD simulations. These results 
are also a comprehensive database of Pcr, Mcr, cr, and cr for various CNTs. 
These results will help us to understand the mechanical behaviour and they will 
also aid in developing continuum models for CNTs.  
 Thick shell models for compression or torsional buckling of chiral CNT are 
proposed based on the MD simulation results. These shell models with D and θ 
dependent E can predict compressive buckling and torsional buckling results that 
are close to MD results. These continuum shell models can be used as alternative 
to time consuming atomistic simulations when analyzing CNTs under 
compression or torsion.  
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 Atomistic-continuum shell and nonlinear latticed shell models are the two 
continuum models for analyzing CNTs under tension. However, conventional 
finite element codes are not suitable for atomistic-continuum shell models as a 
significant amount of coding is required for implementing these shell models. On 
the other hand, in latticed shell models evaluation of the stiffness matrix is 
computationally intensive for more sophisticated inter-atomic potential such as 
AIREBO. Therefore, we aim to develop a Type I continuum shell model that can 
be used to model the ideal tensile response of pristine CNT without the need for a 
significant computational effort. Two alternate continuum models are proposed. 
The first one is a membrane-shell model and the second continuum model is 
established using the framework of softening hyper-elasticity. We will also extend 
the continuum model to incorporate thermal effect and the effect of hydrostatic 
pressure. 
 Vibration of CNT is commonly analyzed using eigenvalue analysis. Eigenvalue 
analysis method is computational intensive for large systems and complicated 
interatomic potentials as it requires the construction of Hessian/stiffness matrix by 
taking the second gradient of the total potential energy with respect to atomic 
coordinates.  Alternatively, vibration frequencies can be extracted by analyzing 
the atomic trajectories using the frequency domain techniques. So far, the later 
approach has been only used for SWCNTs that display beam-like vibration 
modes. Therefore for the first time we use the time domain operational modal 
analysis technique to calculate vibration frequencies and mode shapes of stocky 
SWCNTs that exhibit shell-like vibration modes. These mode shapes and modal 
frequencies will be compared with those given by cylindrical shell theory.  
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1.5 Layout of thesis 
In this chapter, we discussed the various properties, applications, and computational 
models of CNTs. Literature review on compression buckling, torsional buckling, 
tensile response, and vibration of CNT were also presented.  
     Chapter 2 describes the detailed MD simulation procedure to study mechanics of 
CNT. The key factors that affect MD simulation results are also discussed here. A 
case study is also reported that compares NVT and NPT based MD simulation of 
SWCNT.  
     Extensive MD simulation results for compression and torsional buckling of CNT 
are reported in Chapter 3 and Chapter 4, respectively. In these two chapters MD 
simulations are performed to find the effect of L, θ, D, loading rate, and wall number 
on mechanical response of CNT under compression and torsion respectively. The MD 
simulation results are also compared with MD simulation results reported by previous 
researchers.  
      The thick shell theory is briefly discussed in Chapter 5. In this chapter we utilize 
the MD simulation results of SWCNT under compression to derive an empirical 
expression of E as function of SWCNT D and θ. Linear eigenvalue buckling analysis 
are carried out with the proposed E,  = 0.19, and h = 0.066 nm. Moreover, a 
nonlinear tZ-Z relation for SWCNT under compression is also reported. The MD 
simulation compressive buckling results are compared with those obtained from thick 
shell theory. Thick shell theory is also used for CNT under torsion. For CNT under 
torsion, the expression of E is modified to account for the effect of twist direction. 
Critical buckling torques and angles are then compared with MD simulation results.  
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     Chapter 6 reports the MD simulation results for CNT under tension. With the aid 
of MD simulation results two alternate nonlinear continuum models are developed 
that can mimic the nonlinear tZ-λZ response of CNT as observed in MD simulation. 
The first type of continuum model derives the constitutive relation for SWCNT under 
tension based on membrane-shell theory. The second continuum model uses the 
concept of softening hyper-elasticity to analyze SWCNT under tension. It will be 
shown that the second continuum model for SWCNT can be easily extended to 
include thermal effect.  
      In Chapter 7, a time domain operational modal analysis technique is proposed that 
can be used to obtain vibration frequencies and mode shapes of CNT. This chapter 
also presents the comparison of, the modal frequencies and mode shapes of armchair 
SWCNTs, with the results obtained from the thick shell theory.  
Concluding remarks and future studies are given in Chapter 8. 
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Chapter  2  
Details on MD simulation of CNT 
The computational approach to construct CNT geometry from a 2-D graphene sheet 
is reported first. Key factors affecting MD simulations such as interatomic potential, 
relaxation time, incremental displacement, and thermostat are discussed herein. The 
Adaptive Intermolecular Bond Order (AIREBO) potential that is central to the MD 
simulations is presented in detail. At the end of this chapter NVT and NPT based MD 
simulations are compared to show that both of them give the same mechanical 
response of SWCNT.  
2.1 Mathematical construct of CNT 
There are different ways to create the CNT geometry that needs to be fed into a 
molecular dynamics (MD) simulation code such as LAMMPS (Plimpton 2012). The 
different approaches to construct CNT geometry are helical-helical, linear-helical, 
helical-angular, and linear angular constructions (Barros et al. 2006). All these 
operations essentially map a 2-D graphene sheet onto a surface of 3D cylinder. To 
construct the CNT geometry, we followed the linear-angular construction which was 
discussed in the papers by Saito et al. (1998) and Barros et al. (2006). In the linear-
angular construction, the location of any hexagonal site is given by integral multiple 
of a vector R where R is represented by the chiral vector Ch and the translational 
vector T. Each hexagonal site contains 2 atoms marked as P and Q in Figure 2.1. The 
rotational period of atom P in the circumferential direction (i.e. in the direction of Ch) 
is 2π /P N   where N is the number of hexagons in a unit cell and the rotational 
period of atom Q is 
o2π cos(30 ) /Q C C ha   C  where 1.4  Å15C Ca   . The 
positions of atoms  PP z  and  QQ z along vector T are calculated considering the 
periodicity of lattice. So if any atom moves out of the unit cell then its position is 
moved back into the unit cell as follows 
 If | |Tz  T                                     | |T Tz z  T  (2.1) 
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where, zT is the position of atom P or Q along T. For different sites zP and zQ need to 
be recalculated but h2 = zP – zQ = asin(30-θ) remains a constant.  
 
Figure 2.1: Hexagonal graphene lattice and CNT unit cell. 
     The expressions of Ch, T and R  are given by (Saito et al. 1998) 
 
chiral vector: 
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where, n and m are chiral indices, dR = greatest common divisor of 2n+m and n+2m, 
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code to generate the configuration of CNT was taken from Saito et al. (1998) and was 
modified for multiple walled CNT. 
2.2 Description of simulation steps 
The geometry of CNT was constructed by mapping a 2-dimensional graphene sheet 
onto a 3-dimensional circular cylindrical surface. Owing to the finite curvature of the 
cylindrical surface C-C bonds are stretched. This results in a stressed initial 
configuration of the CNT. The total potential energy for this artificially-created 
configuration is not lowest due to the presence of stresses. Hence, the conjugate 
gradient algorithm was used to determine a stress-free minimum-energy configuration 
for the CNT. The minimum-energy configuration displayed in Figure 2.2 serves as a 
reference configuration for MD simulations. 
 
Figure 2.2: Molecular dynamics simulation set-up for CNT under uniaxial 
deformation/torsion. 
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     Subsequently, the CNT was heated to 1 K by the velocity rescaling method. To 
simulate CNT deformation, atomic displacements were imposed at one end of the 
tube while the other end was fixed in position The number of layers fixed at ends does 
not influence the mechanical response of CNT. A series of MD simulations were 
performed with different axial deformation rates and torsional deformation rates. 
Based on these MD results, sufficiently small values of deformation rates were 
selected that ensures quasi-static mechanical response of CNTs under axial 
deformation and torsion. Thereafter, MD simulations were carried out on the CNT in 
an NVT ensemble with a shrink-wrap
*
 boundary condition at a constant temperature.  
Numerical integrations were performed using the velocity Verlet time integration 
scheme with a time step of 1 fs (10
-15
 s). Another way of performing the simulation is 
to use NPT ensemble with zero external stress inside a periodic simulation box. To 
simulate an isolated CNT inside a periodic box, the dimension of the periodic box 
needs to sufficiently large to prevent the interaction of CNT with its periodic images. 
The simulation setup for CNT in NPT ensemble is shown in Figure 2.3. In the 
subsequent sections we discuss the key factors that affect the MD simulation results. 
                                                 
*
 Shrink-wrap boundary condition allows to simulate isolated CNT where the simulation box size 
changes as the CNT deforms 
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Figure 2.3: Molecular dynamics simulation set-up for CNT under uniaxial 
deformation/torsion using NPT ensemble (there are total 26 periodic images in 3 
dimension but only 2 are shown for simplicity). 
2.2.1 Interatomic potential 
In the classical MM and MD simulations interatomic forces (Fi) are calculated by 
taking the gradient of the interatomic potential energy (E) with respect to atomic 
positions (Ri). Hence, the correctness of the simulation results depends on the 
accuracy of the interatomic potential model that is adopted for the material. In this 
study, we adopted the Adaptive Inter-molecular Reactive Empirical Bond Order 
(AIREBO) potential which is a multi-body force field developed for hydro-carbons 
(Stuart et al. 2000). The AIREBO potential comprises the second generation REBO 
potential E
REBO
, the torsion potential E
TORSION
, and the Lennard Jones potential E
LJ
 
given in Equation (2.6). 




Natoms Natoms Natoms Natoms
REBO Tors LJ
AIREBO ij kijl ij
i j i k i l i j k
E E E E
  
 
   
 
     (2.6) 
where Natoms = number of atoms. The second generation REBO potential E
REBO
 
proposed by Brenner et al. (2002) accounts for the covalent bond interaction. E
TORSION
 
is associated with dihedral rotation of bonds, and E
LJ
 takes into account the long range 
non-bonded interaction among atoms.  
     For SWCNT under homogeneous axial deformation, the mechanical response is 
mainly controlled by E
REBO
. The different components of AIREBO potential are 
briefly discussed next. For a detailed discussion on the potential please refer to the 
papers by Brenner et al. (2002, Stuart et al. (2000, Wang et al. (2014). 
 EREBO (second generation reactive empirical bond order potential) 
The second generation REBO potential comprises a repulsion term V
R
 and an 
attraction term V
A
 given by  
 ( ) ( )
REBO R A
ij ij ij ijE V r b V r   (2.7) 
     These attraction and repulsion terms are functions of the distance rij between atoms 
i and j. The influence of bond angle and dihedral angle on the covalent bond strength 
is incorporated by the bond-order term bij in Equation (2.7). The bond-order term also 
accounts for different types of bond structures, e.g. radical, conjugate and non-




 are given by 
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       
 (2.9) 
     Equation (2.9) presents the switching function w(rij) that restricts the influence of 
the potential to the nearest neighbors by terminating the influence of interatomic 
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interaction at an interatomic distance of D
max
. However, instead of abruptly cutting off 
the interaction at D
max
 the switching function w(rij) gradually reduces the potential 
energy from a non-zero value to zero over a distance of D
max
 – Dmin (Brenner et al. 
2002, Stuart et al. 2000). The nearest neighbor bonding model works well for most 
hydrocarbons (Shenderova et al. 2000, Stuart et al. 2000). The parameters in 
Equations (2.8) and (2.9) are given in Table 2.1. 
Table 2.1: Parameters for original REBO interaction for carbon-carbon bond 
B1 = 12,388.792 eV β1 = 4.720 Å
-1 Qij = 0.313 Å
 
B2 = 17.567 eV β2 = 1.433 Å
-1 Aij = 10953.544 eV
 
B3 = 30.715 eV β3 = 1.383 Å









= 1.7 Å  
By using the parameters reported in Table 2.1 the interatomic potential energy and the 
interatomic force are plotted in Figure 2.4a and Figure 2.4b respectively. Shenderova 
et al. (2000) and Belytschko et al. (2002) found that the form of cut-off function given 
by Equation (2.9)  imposes a non-physical increase in the inter-atomic force when the 
inter-atomic distance rij ≥ D
min
 (1.7 Å) which is shown in Figure 2.4b. This 




 as proposed by various 
researchers (Shenderova et al. 2000, Zhang et al. 2012b, Zhao et al. 2009). 
Theoretically, the value of D
max
 should be infinite as the interatomic force becomes 
zero at infinite distance. However, a large D
max
 value increases the simulation time 
significantly. In this work, we have adopted D
max
 = 2.0 Å to obtain a qualitative 
representation of the tZ-λZ response of pristine CNT without exploiting significant 
computational resources. Extending D
max
 beyond 2.0 Å will require recalibration of 
the parameters. Recalibrations of these parameters are not trivial tasks since that will 
require extensive benchmark experimental results or first principle calculation results. 
It is worth noting that the form of switching function only affects processes where the 
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inter-atomic separation can go beyond 1.7 Å for example, fracture process and 
dislocation motion. However, the switching function does not influence the 
mechanical behaviour of the SWCNT where the inter-atomic distance is less likely to 
go beyond 1.7 Å, for example, buckling under compression/torsion or vibration of 
CNT. 
 
Figure 2.4: AIREBO  (a) potential energy as function of rij (b) interatomic force 
as function of rij. 
 ETors (Torsion potential) 
The torsion term E
Tors
 in the AIREBO potential is a valence term which adds stiffness 
to the dihedral rotation about a bond pair i-j illustrated in Figure 2.5. The torsion 
potential E
Tors
 is given by 
  ( ) ( ) ( ) ( )
Tors tors
ij i i ij ij j j ijE w r w r w r V         (2.10) 
where 
10256 1cos ( / 2)
405 10
tors
ij ij ijV            
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Figure 2.5: (a) Dihedral bond rotation, (b) Typical neighborhood of an atom with 
id 1 in pristine carbon nanotube. 
     The value of εαijβ for CNT is 0.3079. The number of dihedral angles which 
contribute to the forces on an atom i depends on the neighborhood of that atom. There 
are 25 dihedral angles in a pristine CNT which contribute to the forces on atom 1 
depicted in Figure 2.5b. The switching functions w(r) in Equation (2.10) are used by 
the MD code to automatically determine all the dihedral angles contributing to force 
on an atom. 
 ELJ (van der Waals potential) 
The non-bonded potential E
LJ
 that takes care of the dispersion and short-range 
repulsion effects; this potential is given by 
 





max min max min
'
 - 
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    
 
When the interatomic distance goes beyond 2 Å the interatomic interaction is taken 
care of by E
LJ 
potential. In LAMMPS, a cutoff distance needs to be specified beyond 
which the non-bonded potential does not contribute to interatomic forces. In the case 
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of C-C bond, this cutoff is taken as 10.2 Å, but the user may set a longer cutoff 
distance at an expense of more computational time. In Equation (2.11), 
*
ijb  is a 
hypothetical bond-order term which is evaluated at 
min
ijr . Let us consider the non-
bonded interaction between atom i and j. Since the distance between these two atoms 
typically exceeds covalent bonding distance 
max
ijr  (for C-C bond 
max 2.0ijr   Å) there is 
no actual bond-order term bij. Consequently, a hypothetical bond order term 
*
ijb is 
evaluated by assuming the distance between atoms i and j to be 1.7 Å. In Equation 
(2.11), V
LJ









    
             
 (2.12) 
The parameters required to evaluate the non-bonded interaction in CNT are σ = 3.4 Å, 
εij =  0.00284 eV, 
 max  =LJijr σ, 
 min  =LJijr 2
1/6σ, max  = ijb 0.81 and 
min  = ijb 0.77. 
    Various researchers have affirmed that AIREBO potential is able to model the 
carbon bonds in graphene. MD simulation with AIREBO potential, can also 
accurately predict E of graphene (Zhao and Aluru 2010, Zhao et al. 2009). 
Furthermore, Xu and Buehler (2010) found that the wrinkling patterns in graphene 
sheet obtained from MD simulations with AIREBO potential come close to the 
wrinkling patterns in graphene that were observed in experiments. Moreover, we 
found that the radial breathing frequencies of SWCNT calculated from MD 
simulations with AIREBO potential are within 6% of the radial breathing frequencies 
of SWCNT as measured from experiments conducted by Araujo et al. (2008) (see 
Figure 2.6). Moreover, the tZ-λZ response of SWCNT calculated using AIREBO 
potential come close to DFT calculations (Roy Chowdhury et al. 2015). A part of this 
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result is shown in Chapter 6. Hence, we can adopt AIREBO potential for MD 
simulation of CNT.  
 
Figure 2.6: Comparison of radial breathing mode frequencies ωRBM. 
2.2.2 Energy relaxation 
After creating the CNT geometry, it was heated to 1 K by velocity rescaling. Due to 
the mapping, bond stresses are induced in the initial configuration of SWCNT. The 
potential energy for this artificially-created configuration is not minimized due to the 
presence of stresses. Hence, prior to stretching or twisting the geometric structure of 
CNT needs to be relaxed to achieve a state that is close to a stress-free state. The state 
of stress was calculated from the atomic forces and atomic velocities using Equation 




k k k k k
k k
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where, σ = Cauchy stress tensor, N = number of atoms, mk = mass of carbon atom = 
1.99 x 10
-26
 kg, ,  = x, y, z, rk = 
th
 component of position vector of k
th
 atom, vk = 
velocity vector of k
th
 atom , fk = force vector on k
th
 atom, Vol = DLh.  
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The kinetic part of stress tensor is contributed by temperature. So at a low temperature 
the kinetic component of stress is small. The virial component of stress is contributed 
by interatomic forces (fk). So, the virial stress can be reduced by decreasing fk. After 
total energy minimization, the inter-atomic forces decrease to a very small value close 
to zero. Hence the magnitudes of virial stress components are also very small. 
Therefore, the conjugate gradient algorithm was first used to reduce the interatomic 
forces very close to zero. The SWCNT configuration after energy minimization serves 
as a reference configuration. In the conjugate gradient algorithm, the maximum force 
tolerance was set to 0.001eV/Å (0.0016 nN) to obtain a minimum-energy 
configuration close to a state where the force per atom is close to zero. This 
configuration was used for subsequent analysis. Although the state of stress in 
SWCNT becomes small after energy minimization but it is nevertheless not 
completely stress-free. For instance, the maximum value of stress in 12.1 nm long 
SWCNT(20,20) after energy minimization is 625 x 10
-6
 GPa that is not at all zero. 
However, the magnitude of this stress is sufficiently small compared to the stresses 
generated in SWCNT under uni-axial deformation during MD simulation e.g. tensile 
stress in armchair SWCNT at 0.1 % strain is 0.3 GPa that is almost 500 times higher 
compared to maximum value of stress component in relaxed SWCNT.  
     Figure 2.7 illustrates the effect of improper energy relaxation on axial load (P) 
versus end shortening (Δ) behaviour of CNT under compression obtained from MD 
simulations with different convergence tolerances on the absolute maximum force on 
an atom. For example, the line with square symbol represents the P versus Δ curve 
calculated by setting maximum force convergence tolerance = 0.0016 nN.  It can be 
seen from Figure 2.7 that if the maximum force on an atom in the system after energy 
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minimization is not less than or equal to 0.0016 nN (0.001 eV/Å) then a non-zero 
axial load at zero end shortening will be obtained. 
 
Figure 2.7: Effect energy relaxation on P versus Δ plot of CNT 
 (square represents force minimization tolerance of 0.0016 nN, triangle 
represents force minimization tolerance of 0.144 nN, filled circles represents 
force minimization tolerance of 0.1792 nN). 
     For CNTs with a large number of atoms (>50000) the maximum force tolerance 
needs to be set even lower than 0.001eV/Å (0.0016 nN) to achieve a minimum-energy 
configuration of SWCNT that is close to a stress-free state. However, for large CNTs 
it is very difficult to obtain a minimum energy configuration that is close to a stress-
free state. For subsequent analysis, one can also use this reference configuration 
which is not stress free, but in this case the effect of residual stress needs to be 
incorporated in continuum model.  
     Since the conjugate gradient algorithm does not take into account the thermal 
effect in energy relaxation the aforementioned procedure is not applicable at higher 
temperatures. At higher temperature, the relaxed configuration can be obtained by 
performing energy minimization and MD simulation consecutively. At first, the 
SWCNT needs to be equilibrated at a constant temperature using NVT ensemble 
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where a thermostat is attached to the system that gives the CNT a desired temperature. 
Next, the SWCNT is relaxed using the NPT ensemble under zero external stress with 
a very small time step (Δt). During NPT dynamics, the system has to be connected to 
a baro-stat that controls the pressure and a thermostat that controls the temperature. 
The time required for such relaxation depends on the target pressure, temperature and 
number of atoms in CNT. 
2.2.3 Integration time-step  
The integration time-step (t) depends on the numerical integration algorithm; Δt also 
to be smaller than the lowest period of bond vibration occurring in the CNT (Van 
Gunsteren and Berendsen 1990). In the present MD simulations, the velocity Verlet 
algorithm (Frenkel and Smith 2002, Rapaport 2004) was adopted. The pertinent 
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where i refers to i
th 
atom, r is the position vector, v is the velocity vector, m is the mass of 
atom, f is the force vector on atom, and, E is the total potential energy due to interaction of an 
atom with all other atoms. 
     The velocity Verlet algorithm is fast and explicit time integration scheme that 
conserves total energy of the system during simulation. A suitable value of t for all 
the MD simulations was ascertained by performing a set of MD simulations with 
different t. It was observed that Δt = 10-15 s (1 fs) is appropriate and this time-step 
has also been used by many researchers to perform MD simulations for buckling 
analysis of CNTs (Liew et al. 2004, Wang et al. 2011, Zhang et al. 2009b). A quick 
   53 
estimate of period of vibration occurring in CNT can be calculated using the harmonic 
force constants for graphene (Chen and Cao 2006) as graphene and CNT possess a 






















). Therefore, by substituting the mass of 1 mole 
carbon mC = 0.012 kg the vibration time period for stretching is 
2π / 1.13 fsstretch C bt m k   and the time vibration period for bending is
2π / 113 fsbend Ct a m k  respectively. Since Δt (1 fs) is less than either tstretch or 
tbend so the adopted time step size is suitable for MD simulations of CNT. 
2.2.4 Incremental displacement or displacement rate† 
In displacement-controlled stress-stretch or twist-torque analysis, one end of CNT is 
perturbed by small displacement or rotation. During MD simulations the effect of this 
perturbation travels through the tube. If the rate of change of displacement is 
sufficiently slow such that each displacement induced perturbation homogeneously 
affects the entire tube, the simulation is quasi-static. On the other hand, if the 
displacement or twist rate is too rapid the effect of each displacement perturbation on 
the tube depends on the previous perturbation. Hence, the simulation is non-quasi-
static. In the present simulations, we only considered quasi-static deformation. We 
carried out separate case studies to determine suitable deformation rates for uni-axial 
deformation and torsional deformation. These case studies are reported in the sequel 
chapters.  
                                                 
†
 Displacement refers to uniaxial deformation or twist 
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2.2.5 Relaxation time Ts 
With every displacement perturbation, the equations of motion are integrated using 
the velocity-Verlet algorithm for a total period of Ts (termed as relaxation period) with 
a time step size Δt = 1 fs (10-15s), the Nosé-Hoover thermostat (Hünenberger 2005) is 
used to maintain the system temperature at 1 K. The total time required for the entire 
CNT to achieve thermodynamic equilibrium is known as the relaxation time Ts. After 
each incremental displacement step, we allow the system to achieve a minimum 
energy configuration before progressing to the next time-step. Figure 2.8 shows the 
sample time-history for the total potential energy over four time-steps. Since NVT 
dynamics was performed, the total potential energy in the minimum energy 
configuration of SWCNT fluctuates about a mean value as shown in Figure 2.8. But, 
after a sufficient relaxation period, the mean value of the total potential energy stays 
almost constant with time. From Figure 2.8, one may observe that the total potential 
energy saturates to a stable mean within the prescribed time-step. Hence, the 
minimum energy configuration is achieved at each time-step, so that the response of 
the SWCNT becomes rate-independent. This simulation is considered to be quasi-
static. Evidently, if we have more number of atoms per unit length of CNT then more 
relaxation time will be required. To obtain an initial estimate of relaxation period we 
studied the buckling load of various DWCNTs as a function of relaxation time. For 
the estimation we chose long DWCNTs. The critical buckling loads of DWCNTs are 
reported in Table 2.2. It can be seen that a relaxation period of 10 ps works well for 
all the tabulated DWCNTs.  
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Figure 2.8: A sample total potential energy versus simulation time for 2.8 nm 
long SWCNT(20,20) under tension 










5 136.33 0.00 
10 134.96 -1.00 
20 134.41 -0.41 
((10,10),(15,15)) 136 
10 142.79 0.00 
20 142.46 -0.23 
((15,15),(20,20)) 121 
5 150.72 0.00 
10 153.86 2.08 
20 155.23 0.89 
After obtaining the initial estimate of Ts, it is necessary to check whether this 
relaxation period is sufficient to achieve thermodynamic equilibrium for other CNTs. 
For testing purposes, different SWCNTs and MWCNTs were selected. The test results 
are shown in Figure 2.9 to Figure 2.15. The total energies of these CNTs were plotted 
as a function of time. All of the systems reported reach thermodynamic equilibrium 
well before 10 ps. Therefore Ts = 10 ps is a conservative estimate for these CNTs with 
length less than 13.6nm. However, for longer CNTs (length greater than 13.6nm), one 
has to use Ts > 10 ps. For instance, 80 ps relaxation period is needed for 40.7 nm long 
SWCNTs.  
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Figure 2.9: Total potential energy versus simulation time for 12.0 nm long 
SWCNT(20,20) under compression 
 
Figure 2.10: Total potential energy versus simulation time for 12.0 nm long 
SWCNT(20,20) under tension 
   57 
 
Figure 2.11: Total potential energy versus simulation time for 12.0 nm long 
SWCNT(20,20) under torsion 
 
Figure 2.12: Total potential energy versus simulation time for 12.0 nm long 
SWCNT(26,0) under compression 
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Figure 2.13: Total potential energy versus simulation time for 13.6 nm long 
DWCNT((10,10),(15,15)) under compression 
 
Figure 2.14: Total potential energy versus simulation time for 13.6 nm long 
DWCNT((10,10),(15,15)) under tension 
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 Figure 2.15: Total potential energy versus simulation time for 4.0 nm long 
TWCNT((10,10),(15,15),(20,20)) under compression 
2.2.6 Thermostat 
In displacement controlled MD simulations of CNT, the NVT ensemble is widely 
adopted by various researchers (Chowdhury et al. 2012, Li et al. 2013, Zhang and 
Shen 2006, Zhang and Shen 2008). In nVT ensemble, the temperature of the system is 
controlled by thermostats. Berendsen thermostat, Nosé-Hoover thermostat and 
velocity rescaling thermostat are the most commonly used thermostats in MD 
simulations of CNTs (Wang et al. 2010a). Velocity Verlet integration schemes 
coupled with different thermostat algorithms are as follows (Ercolessi 1997, Allen and 
Tildesley 1991, Hünenberger 2005) 
 
Velocity rescale thermostat 




















v v  
(2.15) 
where, Nd is the number of unconstrained degrees of freedom and T0 is the desired 
temperature. 
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Berendsen thermostat 
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(2.16) 
where τT  = the time taken to reach the desired temperature. 
 










( ) ( ) ( )
2
( / 2)




























































   
 
 
     


































    







where  is friction damping coefficient and τT  is relaxation time for the heat bath.
 
     The parameter τT is the time to relax the temperature and it is same as the 
parameter Tdamp that needs to be specified in LAMMPS. In NVT simulations, we used 
τT in the range 1 to 0.1 ps. In LAMMPS, the Verlet algorithm with NVT ensemble 
closely follows the integrators derived by Tuckerman et al. (2006); it is slightly 
different than that given in Equation (2.17). In NVT simulations, temperature tends to 
fluctuate about the equilibrium configuration. Therefore, one may specify a drag 
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coefficient to attenuate this fluctuation. This drag coefficient is a special feature added 
in LAMMPS. Nonzero value of drag coefficient changes the Nosé-Hoover formalism. 
Small value of drag coefficient should be used in simulations otherwise it will affect 
the values of thermodynamic properties significantly. In the present study we have 
used a drag coefficient of 0.2 for all simulations. Researchers observed that the Nosé-
Hoover and velocity rescaling thermostat results in reasonable mechanical 
deformation modes regardless of the percentage of thermostat atoms (Heo and Sinnott 
2007, Wang et al. 2010a). In Figure 2.16 comparison studies are made for the MD 
simulation results obtained using the Nosé-Hoover thermostat, velocity rescaling 
thermostat and Berendsen thermostat. For the case studies, a 60 Å long 
DWCNT((5,5),(10,10)) was chosen. From Figure 2.16, it is evident that unlike the 
other thermostats, the Nosé-Hoover thermostat can maintain the simulation 
temperature much closer to 1 K (which is the system temperature for the present 
simulations). Therefore, we have adopted the Nosé-Hoover thermostat for all 
simulations herein. Nosé-Hoover thermostat uses a deterministic approach by 
coupling the system with heat bath containing a hypothetical particle that randomly 
collides with actual system particles to control system temperature (Frenkel and Smith 
2002). 
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Figure 2.16: Effect of thermostat on thermal equilibrium at (a) 1 K (b) 300 K for 
Berendsen thermostat τT = 100 ps. For Nosé-Hoover thermostat τT = 1 ps 
(SD: standard deviation). 
2.2.7 Barostat 
In LAMMPS, NPT simulation was performed by connecting the system with a Nosé-
Hoover barostat and Nosé-Hoover thermostat. The equation of motion for NPT 
simulation used in LAMMPS can be found in the paper by Shinoda et al. (2004). In 
NPT simulation, the internal pressure is same as the virial stress tensor that includes 
the thermal stress and the stress induced by interatomic interactions. The pressure 
tensor is equilibrated against external hydrostatic pressure tensor by varying the 
volume of simulation box. NPT simulation can also be performed by coupling NPT 
simulation with other barostats such as Berendsen barostat. The relaxation time 
required to equilibrate stress is more (usually 10 order higher) than the relaxation time 
required to equilibrate temperature. This is because temperature is a scalar variable 
but stress is a 2
nd
 order tensor quantity consisting of 9 components in general.  







Thermostat Mean T (K) SD for T (K) Mean T (K) SD for T (K)
Velocity rescale 1.394 1.018 297.3 2.956
Berendsen 1.009 0.218 297.04 6.187
Nose Hoover 0.991 3E-4 297.33 0.212
(a)




















 Nose Hoover thermostat
 Berendsen thermostat
 Velocity rescale thermostat
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2.2.8 Brief description of MD simulation steps with NVT ensemble 
After energy minimization, one end of the CNT is deformed along the axis of the tube 
with an incremental displacement of 0.01 nm while keeping the other end fixed. With 
every displacement perturbation the equations of motion were integrated using the 
velocity-Verlet algorithm for a total period of Ts (termed as relaxation period) = 10.0 
ps (11
-11s) with a time step size Δt = 1 fs (10-15s) and Nosé-Hoover thermostat 
(Hünenberger 2005) was used to maintain the system temperature at 1 K. After each 
relaxation step, the CNT reaches a stationary energy configuration that is not affected 
by further relaxation. Hence, the simulation reaches a quasi-static condition. This 
process is continued until the desired level of deformation is achieved.  
2.3 Comparison of MD simulations with NPT and NVT ensemble 
In this section, we compare MD simulation results with NVT ensemble and NPT 
ensemble at 1 K. We randomly selected 55 Å long SWCNT(10,10) for the case study. 
In NPT simulation the CNT was relaxed twice. First the relaxation was performed at 1 
K for a total of 10 ps using NVT ensemble. Then the system was relaxed for 20 ps at 
1 K to zero pressure using NPT ensemble. After relaxation the CNT was quasi-
statically compressed or stretched to obtain the tZ-λZ curves which are compared in 
Figure 2.17. 
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Figure 2.17: tZ versus λZ curves for (a) SWCNT under tension (b) SWCNT under 
compression. 
From the comparisons it is evident that at low temperatures NVT and NPT simulation 
produces almost the same tZ-λZ curves for SWCNT. In subsequent chapters, all MD 
simulations were performed using NVT ensemble unless mentioned otherwise.























   
 
2.4 Summary and key findings 
The effects of different simulation parameter on the MD simulation of CNT were 
investigated. The key findings are as follows 
 Adaptive Intermolecular Bond Order potential (Stuart et al. 2000) can be used to 
model carbon nanotubes.  
 Prior to MD simulation, the CNT configuration needs to be relaxed using conjugate 
gradient algorithm to achieve a nearly stress-free configuration. For long SWCNT, 
energy minimization followed by running MD simulation, using NVT or NPT 
ensemble, is necessary. 
 For quasi-static MD simulation, the CNT needs to be relaxed for sufficiently long 
time after each displacement increment. The time required for this process is called 
relaxation time. Long CNT requires longer relaxation time. For CNT up-to a length 
of 13.6 nm, 10 ps relaxation time is sufficient.  
 In MD simulation, the time integration can be performed using velocity Verlet 
algorithm. The suitable integration time step for CNT is 10
-15
 s.  
 Nosé-Hoover is a suitable choice to control the temperature of CNT during MD 
simulation.  
 The mechanical response of CNT, predicted from MD simulation using NVT 
ensemble, is same as the mechanical response of CNT, obtained from MD 
simulation using NPT ensemble carried out at 0.0 surrounding pressure.  
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All the simulations were carefully conducted. Hence, the accuracy of MD simulation 
actually depends on the correctness of interatomic potential that was adopted in 
simulation. To validate the use of AIREBO potential for CNT, the findings by 
previous researchers (Zhao and Aluru 2010, Zhao et al. 2009) , experimental radial 
vibration frequencies (Araujo et al. 2008), and first principle stress-stretch curves 
were (Mielke et al. 2004, Ogata and Shibutani 2003, Troya et al. 2003) utilized. 
Therefore, we opine the results are accurate and suitable to calibrate continuum 
models. 
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Chapter  3  
MD simulations of CNT under compression 
The Adaptive Intermolecular Reactive Bond Order (AIREBO) Potential was adopted 
for the Molecular dynamics (MD) simulations of carbon nanotubes (CNTs) under 
axial compression. Extensive MD results for the critical buckling loads/strains for 
CNTs of various diameters, lengths, and chiral angles were obtained and they form a 
rich database for investigating the effects of aspect ratio, chirality and wall number 
on the buckling behaviour of CNT. 
3.1 Load deformation behaviour of CNT under compression 
Displacement controlled MD simulations were performed to obtain the axial load (P) 
versus end shortening (Δ) response of CNT under quasi-static compression. In a 
displacement-controlled analysis, one end of CNT is gradually displaced by a small 
displacement rate while keeping the other end fixed in order to obtain the P versus Δ 
curve. A series of MD simulations was performed to determine the appropriate quasi-
static end displacement rate. 
3.1.1 Displacement rate for MD simulation 
The displacement rate needs to be sufficiently small to ascertain quasi-static 
simulation condition. There are two ways to conduct displacement controlled 
simulations. Firstly, one can perform displacement-rate (or strain rate) controlled 
simulation. Secondly, one may increment the displacement/rotation by small amount 
and allow it to relax over time. In the latter case the displacement rate is determined 
by dividing the incremental displacement (Δd) by the relaxation time (Ts).  
     In theory, one may freely choose d of any magnitude. Physically, if the 
prescribed d is too large, it will rupture the CNT in just a single step. This effect is 
understood as an impulsive force impacting on the CNT. This force will cause rupture 
in the atomic bonds within its vicinity which could be captured by our simulations in 
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LAMMPS. This simulation was aborted with an error caused by atoms flying out of 
the simulation box. Hence, no thermodynamic equilibrium was found. Nevertheless, 
the evolution of bond rupture was observed by varying Ts. As demonstrated in Figure 
3.1b, for Ts = 10 ps, a few bonds at the tip of DWCNT ruptures whereas, for Ts = 100 
ps, the entire circumference of the CNT has ruptured bonds. To enable quasi-static 
deformation of a CNT under compression, we need to choose a d such that an 
impulsive rupture does not occur. In our simulations, we observed that when d is 
approximately equal to the length of the C-C bond (i.e. 1.42 Å), impulsive rupture 
occurs during the first displacement increment. Hence, we conclude that d value 
must be significantly smaller than the smallest bond length in the system. 
     The value of Δd can neither be very large nor be very small because very large Δd 
causes bonds to rupture whereas, very small Δd demands a long simulation time. For 
instance the effect of Δd on P-Δ curve is displayed in Figure 3.1. Except for MD 
simulations with Δd = 0.1 Å the other two force deformation plots are the same. From 
Figure 3.1, it can be observed that the critical buckling load (Pcr) and critical buckling 
strain (cr) are underestimated by using an incremental displacement of 0.1 Å. For the 
0.01 Å and 0.005 Å cases, the estimated Pcr values are within a tolerance of 0.1%, and 
cr are almost the same. MD simulation with d = 0.005 Å is very computationally 
intensive and therefore, we adopted d = 0.01 Å for all our MD simulations. 
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Figure 3.1: Effect of large incremental displacement on load deformation plot 
(case study was performed on 6 nm DWCNT((5,5),(10,10)) 
     Based on the numerical experimentation, an incremental displacement rate of 
0.01/10 nm ps
-1
 = 0.1 m/s was chosen for all the MD simulations performed herein. 
From a numerical perspective, 0.1 m/s displacement rate is sufficiently small to 
achieve a quasi-static response.  
3.1.2 Stress-strain response  
It is apparent that for a discrete system such as SWCNT stress is not a well-defined 
parameter. But drawing the analogy of SWCNT with a cylindrical shell stress-strain 
response was calculated from the P-Δ curve. Engineering stress that is also known as 
nominal stress or first Piola Kirchhoff stress (Holzapfel 2001) was used as stress 
measure. Since the CNT can only sustain small compressive strain before buckling we 
used engineering strain as the strain measure. Engineering stress (tZ) and engineering 
strain (εZ) in axial direction were calculated as tZ = P/A0 and εZ = Δ/L, where A0 is the 
cross-sectional area of undeformed SWCNT and L is the undeformed L of SWCNT. 
The cross-sectional area A0 was defined as the perimeter of undeformed SWCNT 
(D) multiplied by unit thickness (h = 1). The assumption of unit thickness is simply 
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for convenience and consistency of calculation. The convenience of adopting unit 
thickness is apparent, as the axial force can be easily converted to axial stress by 
dividing the axial force by the perimeter of SWCNT. In reality, one may assume any 
thickness which will not ultimately affect the kinematics and kinetics under 
homogeneous axial deformation without bending. Typical tz-εZ curves for armchair 
and zigzag SWCNTs under compression are shown in Figure 3.2. It can be seen from 
Figure 3.2  that, the tZ-εZ response of SWCNT before buckling, depends only on 
chirality of SWCNT and it is independent of L and D of SWCNT. Note that Xiao and 
Liao (2002) also reported that the tZ-εZ response of SWCNT is independent of 
SWCNT diameter. 
 
Figure 3.2: tZ-εZ curves of zigzag (θ = 0
o
) and armchair (θ = 30o) SWCNTs. 
Compressive deformation causes the atoms in SWCNT to come closer and that 
increases the Coulombic repulsive forces among the similarly charged particles e.g. 
nuclei and electrons. Hence, the compressive stress required to squeeze SWCNT 
increases with compressive strain. This gives characteristics of a stress-hardening 
under compression. Moreover, as groups of atoms become too close to each other 
under compression a relative slip between groups of atoms may occur, thereby 
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leading to a sudden drop in axial stress. The limiting stress by which this occurs is 
known as the buckling stress.  
     Cyclic loading tests were also carried out to ensure that the sudden drop in axial 
stress was not due to plastic deformation. For example, Figure 3.3 shows the tz-εZ 
curve of SWCNT under cyclic loading. It can be seen that after buckling and with the 
reversal of the loading direction the tz-εZ curve returns to the original stress-strain 
curve that indicates no permanent plastic deformation in SWCNT. 
 
Figure 3.3: Elastic response of SWCNT under cyclic uni-axial compression. 
     The effect of wall number on the tZ-εZ response of CNT was also studied. Referring 
to Figure 3.4 it is apparent that prior to buckling the tZ-εZ response of CNT is 
independent of the number of walls. Therefore, we conclude that under homogeneous 
compressive deformation the inter-wall spacing in MWCNT remains almost constant 
and that the inter-wall van der Waals interaction does not influence the tZ-εZ  response.  
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Figure 3.4: tZ-εZ curve of MWCNT 
CNT is prone to buckle due to its hollow tubular geometry. Premature failure by 
buckling is detrimental for some applications of CNT. For example, during a nano-
indentation experiment of a material specimen the buckling of an atomic force 
microscope tip made of CNT will yield an inaccurate load displacement curve. 
However, the buckling of CNT may be of advantageous for some applications such as 
in mechanical energy storage devices. One may harness the large deformation as a 
result of CNT buckling to construct a super-compressible spring (Cao et al. 2005). 
Such a system of super-compressible CNTs may be squeezed and constrained for 
storing mechanical energy. It is thus important to understand and analyze the buckling 
behaviour of CNTs. In the next section, buckling behaviour of CNT is reported. 
3.2 Buckling of CNT under compression 
Pcr and εcr values of CNTs were calculated at 1 K from MD simulations using the 
AIREBO potential with a displacement rate of 0.1 m/s. The Pcr and εcr values are 
reported for armchair and zigzag SWCNTs in Table 3.1 and Table 3.2 respectively. 
Before reporting the Pcr and εcr values the definition of buckling is presented first. 
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3.2.1 Definition buckling 
A schematic of the variation of the P with respect to Δ for short SWCNT, obtained 
from our MD simulations, is presented in Figure 3.5a. Buckling is determined by the 
sudden drop in the axial load in the plot. This sudden drop in compressive axial load 
is observed for all CNTs considered. The load corresponding to buckling is termed 
the critical load (Pcr), while the end-shortening is termed the critical end-shortening 
(Δcr). The critical buckling strain (εcr) is related to Δcr by εcr = Δcr/L. At the onset of 
buckling (point A in Figure 3.5a), localized regions of depression develop as a result 
of membrane buckling (Figure 3.5b corresponding to point A). Almost immediately 
after that the localized depressions coalesce to an all-round constriction giving a 
flattened neck on the CNT (Point B in Figure 3.5b). This is known as the shell 
buckling mode. This is reminiscent to bifurcation buckling of cylindrical shells under 
axial load, where two equilibrium structural configurations are possible for the same 
state of deformation. The buckled mode shape of CNT is determined by the relaxed 
configuration at Point B. 
 
Figure 3.5: Typical P versus Δ plot for CNT with L/D  10 under compression (b) 
deformed shape of CNT prior to buckling (c) Buckled mode shape of CNT. 
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For CNT with L/D > 10, the axial stiffness decreases (points P to R in Figure 3.6a) 
prior to the sharp drop in axial load. The decrease in axial stiffness is caused by lateral 
bending of CNTs due to Euler beam buckling. As the deformation continues, local 
shell buckling takes place which causes a sharp drop in axial load (from Point R to 
Point S in Figure 3.6a). In case of long SWCNTs (L/D > 10.0) the buckling load is 
defined as the load P at which the axial stiffness starts to decrease; the buckled mode 
shape is the deformed shape of SWCNT at Point Q which is centrally located in-
between Points P and R. 
 
Figure 3.6a: Typical P versus Δ plot for CNT with L/D  10 under compression. 
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Figure 3.6b: Deformed shape of CNT with L/D  prior to buckling. Deformed 
shape of CNT at Q is the buckled mode shape. Q is located in-between P and R. 
3.2.2 Compressive buckling results for non-chiral SWCNTs 
Compressive buckling characteristics of non-chiral SWCNTs i.e. armchair, zigzag 
SWCNTs of various L and D were studied first. The Pcr and εcr values of armchair 
and zigzag SWCNTs are reported in Table 3.1 and Table 3.2 respectively. 
Table 3.1: MD buckling results for armchair SWCNTs under axial load 
SWCNT (5,5) 
D = 0.678 nm 
SWCNT  (10,10) 
D = 1.356 nm 
SWCNT (15,15) 
D = 2.034 nm 
SWCNT  (20,20) 














2.0 76.9 0.0734 1.0 86.8 0.0482 1.0 83.3 0.0336 1.5 79.2 0.0255 
3.1 65.1 0.0643 1.5 79.8 0.0450 1.4 77.7 0.0316 2.0 78.1 0.0249 
4.2 61.5 0.0614 2.1 79.5 0.0443 1.6 77.6 0.0315 3.0 77.9 0.0248 
4.9 59.1 0.0595 2.4 77.2 0.0432 2.0 77.6 0.0314 3.5 77.8 0.0248 
6.0 57.1 0.0579 3.0 76.9 0.0430 2.4 76.7 0.0310 3.8 77.7 0.0247 
7.0 55.6 0.0567 3.5 74.8 0.0421 2.7 75.7 0.0306 4.0 76.9 0.0245 
8.1 55.1 0.0562 4.1 73.5 0.0402 3.0 75.7 0.0306 4.5 76.2 0.0242 
8.9 48.9 0.0520 4.4 70.0 0.0400 3.3 74.5 0.0303 
 
9.9 41.1 0.0454 5.0 67.8 0.0389 4.0 74.5 0.0302 
 
6.1 65.2 0.0376 4.6 74.5 0.0302 
7.0 62.9 0.0366 5.0 73.9 0.0300 
7.5 62.1 0.0363 5.4 73.5 0.0298 
8.0 61.6 0.0359 6.0 73.0 0.0297 
9.0 60.6 0.0355 6.7 70.6 0.0288 
10.0 59.8 0.0351 
 20.0 18.6 0.0131 
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Table 3.2: MD buckling results for zigzag SWCNTs under axial load 
SWCNT (10,0) 
D = 0.783 nm 
SWCNT  (13,0) 
D = 1.018 nm 
SWCNT (16,0) 
D = 1.252 nm 
SWCNT (19,0) 














1.7 114.5 0.1131 1.8 113.3 0.0916 2.2 102.7 0.0716 2.0 98.5 0.0598 
3.9 89.8 0.0897 3.9 95.6 0.0771 4.7 97.8 0.0673 6.0 96.2 0.0579 
6.1 72.8 0.0751 6.0 73.7 0.0622 7.3 75.2 0.0538 9.0 75.3 0.0469 
7.7 67.7 0.0705 8.1 67.2 0.0576 9.8 68.1 0.0493 12.0 68.7 0.0432 
Referring to Figure 3.7, it is evident that the critical buckling mode changes with L/D 
of SWCNT. 
 
Figure 3.7: Transition of buckling mode shapes from shell-type to beam-type for 
SWCNT(5,5) from three different perspectives. 
The values of εcr decrease with respect to increasing D for SWCNTs with the same 
aspect ratio. This is because shell buckling strain is inversely proportional to the 
diameter of the tube. Next, we compare the cr predicted by AIREBO with those 
reported by other researchers.  
     Referring to Figure 3.8 and Figure 3.9, it can be seen that the use of AIREBO 
potential furnishes a lower εcr than the results furnished by the REBO
2nd
+LJ potential. 
When the torsional potential term was switched off in the AIREBO potential, εcr 
values of CNTs become closer to those results obtained using REBO
2nd
+LJ potential. 
For instance, the cr of a 40Å SWCNT(5,5) with L/D = 6.0 obtained using the 
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AIREBO potential without the torsional potential term is 0.0682 which agrees well 
with 0.0651 obtained by Zhang et al. (2008) who used the REBO
2nd
+LJ potential. 
Thus, it is clear that the inclusion of the torsion term in the interatomic potential leads 
to a significant reduction in the εcr. 
 
Figure 3.8: Comparison of εcr for SWCNT(5,5) obtained using AIREBO potential 
with existing results. 
 
Figure 3.9: Comparison of εcr for DWCNT((5,5),(10,10)) obtained using AIREBO 
potential with existing results. 
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Figure 3.8 and Figure 3.9 confirm that the use of COMPASS potential leads to a 
lower εcr when compared to the εcr computed using the AIREBO potential. The 
differences in results by AIREBO and COMPASS potential are because these 
potentials follow different approaches in calibrating the parameters in individual 
potential energy term. For the AIREBO potential, the parameters were calibrated 
based on experimental data such as bond energy and vacancy formation energy 
(Stuart et al. 2000). On the other hand, the parameters in the COMPASS potential 
were initially estimated from ab initio calculations and then they were optimized 
against experimental data, e.g. heat of vaporization (Sun 1998).  
3.2.3 Effect of θ on buckling properties 
εcr and Pcr values of SWCNTs with different chiral angles θ are summarized in Table 
3.3. 
Table 3.3: Effect of chiral indices on MD buckling results for SWCNTs 
n m 
D = 1.37 ± 0.04 nm 
n m 
D = 2.04 ± 0.01 nm 

















17 0 0.0 75.9 0.0516 26 0 0.0 96.3 0.0460 91.7 0.0436 81.9 0.0392 
16 2 5.8 62.4 0.0438 25 2 3.8 88.5 0.0420 78.0 0.0379 71.8 0.0348 
16 3 8.4 59.9 0.0405 24 4 7.6 81.3 0.0380 70.0 0.0330 64.6 0.0353 
15 5 13.9 56.6 0.0368 23 5 9.6 77.1 0.0363 67.0 0.0319 61.5 0.0297 
14 6 17.0 55.4 0.0356 22 7 13.4 72.7 0.0330 64.0 0.0294 56.9 0.0263 
13 7 20.2 55.6 0.0353 21 8 15.5 71.0 0.0320 63.6 0.0291 56.0 0.0258 
12 7 21.4 55.2 0.0365 20 9 17.6 70.0 0.0318 63.3 0.0288 56.2 0.0258 
12 8 23.4 57.0 0.0354 19 11 21.2 69.7 0.0303 64.6 0.0280 60.0 0.0263 
11 9 26.7 59.1 0.0359 18 12 23.4 71.1 0.0303 65.7 0.0278 60.9 0.0260 
11 10 28.4 63.6 0.0363 17 13 25.6 73.0 0.0310 68.6 0.0289 65.5 0.0277 
10 10 30.0 65.4 0.0376 15 15 30.0 77.7 0.0318 74.4 0.0310 73.0 0.0297 
The results reported in Table 3.3 are plotted for a clearer visualization of the effect of 
θ on εcr and Pcr. Figure 3.10 and Figure 3.11 also contain the MD results reported by 
Zhang et al. (2006) who performed MD simulation on SWCNT with D  1.36 nm 
with L  7.1 nm using 2nd generation Reactive Empirical Bond Order (REBO) 
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potential (Brenner et al. 2002). Since Zhang et al. (2006) used REBO
2nd
+LJ potential 
the εcr values calculated from their MD simulations are ~15% larger compared to the 
εcr obtained using AIREBO potential. However, the Pcr values in our calculations are 
larger the Pcr values reported by Zhang et al. (2006). Similar to Zhang et al. (2006), 
we also noticed that the zigzag tube has the highest εcr and Pcr. Moreover, we also 
found that SWCNT with θ    20
 o
 has the lowest εcr and Pcr. 
 
Figure 3.10: Effect of θ on Pcr calculated using MD simulation with AIREBO 
potential  (filled circle ), MD simulation by Zhang et al. (2006) (inverted 
triangle). 
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Figure 3.11: Effect of θ on εcr calculated using MD simulation with AIREBO 
potential  (filled circle ), MD simulation by Zhang et al. (2006) (inverted 
triangle). 
    We noticed that the effect of θ on Pcr and εcr diminish as L/D of SWCNT increases 
that is evident from Figure 3.12. 
 
Figure 3.12: Effect of L/D on Pcr and εcr values of armchair SWCNT (solid 
triangle), chiral SWCNT (open circle), and zigzag SWCNT (square with cross). 
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3.2.4 Effect of wall numbers on buckling characteristics of CNT 
MD simulations were performed on double walled carbon nanotubes (DWCNTs) and 
triple walled carbon nanotubes (TWCNTs) to investigate the effect of wall number on 
buckling characteristics of CNT. MWCNT was created by placing multiple SWCNTs 
co-axially at a separation of 0.34 nm that is the equilibrium distance between two 
planar graphite sheets. Quasi-static MD simulations were performed using 0.1 ms
-1
 
displacement rate. Different types of DWCNTs were simulated. DWCNTs containing 
armchair type inner and outer tubes are denoted as armchair DWCNT. Similarly, 
DWCNT having zigzag inner and outer tubes are denoted as zigzag DWCNT. In 
order to reduce the computational costs, fewer number of zig-zag DWCNTs and 
TWCNTs were simulated. We observed that in MWCNT all walls buckles 
simultaneously which supports the previous findings by Akita et al. (2006), Batra and 
Sears (2007), and Zhang et al. (2008).  
Table 3.4: MD buckling results for armchair DWCNTs with L/Di ≤ 10 under 
axial load 
DWCNT (5,5),(10,10) 
Di = 0.678 nm 
DWCNT (10,10),(15,15) 
Di = 1.356 nm 
DWCNT (15,15),(20,20) 











2.0 164.6 0.0571 2.1 161.2 0.0369 2.0 166.3 0.0287 
3.1 155.4 0.0533 3.0 156.8 0.0361 3.0 161.0 0.0279 
4.2 149.9 0.0525 4.1 155.7 0.0359 4.0 159.4 0.0278 
4.9 146.1 0.0512 4.9 154.8 0.0358 5.0 156.7 0.0274 
6.0 142.8 0.0508 6.1 154.5 0.0357 6.0 153.9 0.0270 
7.0 139.2 0.0489 7.0 152.8 0.0354 
 
8.1 137.3 0.0487 8.0 149.3 0.0348 
8.9 136.5 0.0485 8.9 145.8 0.0339 
9.9 135.0 0.0482 10.0 142.8 0.0335 
                      Di = diameter of the innermost tube 
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Table 3.5: MD buckling results for zigzag and chiral DWCNTs with L/Di ≤ 10 
under axial load 
DWCNT (7,0),(16,0) 
Di = 0.548 nm 
DWCNT (10, 0),(19,0) 
Di = 0.783 nm 
DWCNT (12, 8),(4,6) 
Di = 0.682 nm 
DWCNT (12, 8),(6,4) 














2.0 187.4 0.0858 2.0 176.5 0.0664 4.0 129.0 0.0531 4.0 125.1 0.0520 
8.0 171.2 0.0785 8.0 173.0 0.0642 8.0 118.5 0.0474 8.0 112.5 0.0454 
10.0 169.4 0.0775 10.0 166.4 0.0632 12.0 116.7 0.0462 12.0 111.7 0.0447 
    Di = diameter of the innermost tube 
For armchair TWCNT ((5,5),(10,10),(15,15)) with L/Di = 6, the Pcr and εcr values are 
210.2 nN and 0.0398 respectively; Pcr and εcr of TWCNT ((10,10),(15,15),(20,20)) 
with L/Di = 3.0 are 236.5 nN and 0.0315 respectively. All MWCNTs with aspect ratio 
L/Di  10, buckle as cylindrical shell as depicted in Figure 3.13. 
 
Figure 3.13: Buckling mode shapes of DWCNT((5,5),(10,10)) from three 
different perspectives. 
   Similar to SWCNT, from Figure 3.14 it is seen that the use of AIREBO potential 
furnishes lower εcr values than those furnished by the REBO
2nd
+LJ potential. For 
instance, εcr of a 60Å long DWCNT((5,5),(10,10)) obtained using AIREBO potential 
without the torsional potential term is 0.0543 which agrees well with 0.0553 obtained 
by Zhang et al. (2008) who used the REBO
2nd
+LJ potential. Thus, it is clear that the 
inclusion of the torsion term in the interatomic potential also leads to a significant 
   
83 
reduction in the εcr of DWCNT. Liew et al. (2004) obtained a comparatively higher εcr 
of 0.0600 because they employed a much larger displacement rate of 0.1 Å/ps that is 
100 times higher than 0.001 Å/ps used in the present MD simulations. Moreover, for 
DWCNT, the COMPASS potential again furnishes lower εcr when compared to the εcr 
computed using the AIREBO potential. In determining εcr of DWCNT using an 
atomic scale finite element method (AFEM), Guo et al. (2007) neglected the van der 
Waals (vdW) interaction among carbon atoms of the same tube. As a result, Guo et al. 
(2007) obtained a εcr that is about 5% lower than the εcr value calculated in present 
work.  
 
Figure 3.14: Comparison of cr strains for DWCNT((5,5),(10,10)) obtained using 
AIREBO potential with existing results. 
3.3 Summary and Conclusions 
From extensive MD simulations, we obtained a rich database of buckling results for 
CNTs. The simulation results ascertained that CNT undergoes nonlinear elastic 
deformation under compression. We found that the tZ-εZ response of SWCNT depends 
on θ of SWCNT but before buckling the tZ-εZ response is independent of D and L of 
SWCNT. Prior to buckling, MWCNT under compression deforms homogeneously 
   
84 
and the inter-wall spacing remains almost constant. Hence, tZ-εZ response is not 
affected by inter-wall van der Waals interaction. SWCNTs with aspect ratio L/D < 10 
buckle in a cylindrical shell mode under compression whereas, long SWCNTs 
undergo Euler buckling.  
     From the buckling results presented in Table 3.1 to Table 3.5, it is found that Pcr 
and εcr gradually decrease with respect to increasing L. It is shown that Pcr and εcr 
values predicted by MD simulation with AIREBO potential are larger than the Pcr and 
εcr values calculated using the COMPASS potential. However, the exclusion of 
torsion term in AIREBO potential furnishes even greater Pcr and εcr values.  
    We observe that Pcr and εcr values of SWCNTs vary with respect to θ of the tube. 
The Pcr or εcr is found to be the highest for zigzag SWCNT which has chiral angle of 
θ = 0o. The SWCNT with a chiral angle θ  20o has the lowest Pcr or εcr. However, for 
compression buckling the effect of θ diminishes with increase in L/D.  
     It is shown that MWCNT has a greater Pcr than the sum of the Pcr values of the 
constituent SWCNTs due to strengthening action of inter-wall van der Waals 
interaction. The cr of SWCNT decreases with increasing D, it is due the shell-like 
buckling characteristics of SWCNT. In the case of MWCNT, the outermost tube due 
to its larger radius is prone to buckle before the innermost tube. Therefore, εcr of a 
MWCNT decreases with increase in diameter of outer-most wall of MWCNT. 
However, Pcr increases with increase in number of walls as the cross-sectional area of 
CNT increases with increase in wall number. 
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Chapter  4  
MD simulations of CNT under torsion 
In this chapter, MD simulations are performed to study the mechanical response of 
CNT under torsion. These results serve the purpose of filling up the absence of 
comprehensive benchmark results for CNT under torsion. MD simulation results are 
used to investigate the effects of chirality, aspect ratio, and wall number on torque 
versus twist response of CNTs. 
4.1 Torque-twist response of SWCNT 
Torque (MZ) versus end rotation () curve is obtained by performing a displacement 
controlled MD simulation on SWCNT. In displacement controlled MZ- simulation, 
one end of the tube was fixed and the other end of the tube was rotated slowly with 
very small twisting rate to ensure a quasi-static simulation condition. The value of the 
twisting rate that is suitable for quasi-static deformation is examined in the next 
section. 
4.1.1 Twisting rate for MD simulation 
Case studies were performed to understand the effect of the twisting rate ( ) on the 
torque-twist (MZ-) curve of SWCNTs. The shear strain rate (  ) induced by torsion 
of SWCNT is calculated as / 2D L  . Hence, it is clear that   increases linearly 
with increasing D of SWCNT. For the case studies, we chose SWCNT(20,20) that has 
the largest D among all SWCNTs used for torsion simulations. SWCNT(20,20) of 
lengths ranging from 2.8 nm to 12.1 nm were simulated. The selection was done to 
ensure that the twisting rate suitable for quasi-static MD simulation of 
SWCNT(20,20) can be conservatively adopted to simulate the torque-twist responses 




/ps were used for 
MD simulations. It can be observed from Figure 4.1 that  = 0.025
o
/ps is sufficiently 
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small to obtain numerically converged MZ-  curves. The twisting rate  = 0.025
o
/ps 
also ensures quasi-static MD simulation for longer SWCNT(20,20) as illustrated in 
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Figure 4.1: Effect of twist rate on MZ- curve of SWCNT(20,20) with L (a) 2.8 
nm, (b) 8.2 nm and (c) 12.1 nm.  
4.1.2 Shear stress-shear strain response 
The shear stress (τ) - shear strain ( ) response of SWCNT was obtained. τ and  are 
calculated as τ = 2
0
2 / ( )
Z
D hM  and  / 2 D L   respectively.  We assumed h = 1 nm 
to be consistent with stress calculation for SWCNT under compression. Figure 4.2 
shows that prior to any structural instability indicated by a change in the slope of τ- 








than the G of its zigzag counterpart.  
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Figure 4.2: Effect of L on τ-  response of SWCNT. 
     By comparing the τ-  responses, we observed that SWCNT with smaller D is 
torsionally stiffer than SWCNT with a larger D (see Figure 4.3). However, G 
decreases with increase in D because the curvature effect diminishes as D gets larger. 
We found that SWCNT with D > 2.03 nm has an almost constant value of G (Garmchair 
= 244 GPa, and Gzigzag = 242 GPa).  
 
Figure 4.3: Effect of D on τ-  response of SWCNT. 
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    For chiral SWCNT, the direction of twist affects mechanical response. Therefore, 
clear definition of twist direction is necessary. The definition of twist direction is 
shown in Figure 4.4. 
 
Figure 4.4: Definition of twist direction in chiral SWCNT. 
     The torsional response of chiral SWCNT is also influenced by the direction of MZ 
(Chang 2007). The state of shear is defined as positive if MZ tends to rotate the 
SWCNT with (n  m) clockwise when viewed along the axis of tube from the bottom 
end towards the top end (please refer to Figure 4.5). Figure 4.5 confirms that the 
direction of MZ does not affect the τ-  curves of non-chiral SWCNTs (i.e. armchair or 
zigzag).  
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Figure 4.5: Comparison of τ-  curve for zigzag and armchair SWCNTs. 
Figure 4.6 shows that chiral SWCNT has larger G under clockwise torque whereas, 
the same chiral SWCNT has lower G under anticlockwise torque. 
 
Figure 4.6: Effect of θ of τ-  response SWCNTs. 
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The τ-  response of chiral SWCNT, depends on the direction of MZ because the 
stiffness of C-C bond under compression is different from the stiffness of C-C bond 
under tension. This hypothesis is substantiated with the aid of a simple illustrative 
problem. We selected a representative hexagonal cell of a planar graphene sheet that 
is described in Figure 4.7. The representative cell belongs to a zigzag SWCNT when 
θ = 0o. Similarly, for θ = 30o the hexagonal unit cell belongs to an armchair SWCNT. 
It should be noted that in SWCNT the curvature causes the hexagonal lattice to be 
different from that of a graphene, but we adopted the graphene lattice to provide a 
qualitative insight into the τ- response of SWCNT. For a simple and quick estimate, 
we used the harmonic potential (Xiao et al. 2006) for C-C bond interaction. The 
harmonic potential is given by 





bond angle bond bond angle angleE E E E k r E k        (4.1) 
where, kbond = 742.0 nN/nm, kangle = 1.42 nN-nm-rad
-2
. r = change in bond length. 
  = change in bond angle. 
     In Chapter 2, we presented that the C-C bond interaction modeled via AIREBO 
potential displays hardening when compressed and softening when elongated. In order 
to mimic the aforementioned bond interaction characteristics the value kbond for bond 
elongation was arbitrarily scaled down. The arbitrary scaling down of kbond will not 
affect the qualitative behaviour of the system. Under bond-elongation and bond-
shortening, the bond stiffnesses are denoted as elongationbondk and 
shortening
bondk  respectively. 
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Figure 4.7: A representative cell of chiral SWCNT. 
     The deformation gradient F causing a positive shear deformation (it is also the 
state of shear deformation due to a clockwise shear shown in Figure 4.4). The 









F  (4.2) 
where the engineering shear strain 
12
e  /2. In the undeformed state, the position 
vectors of atoms are given by  
  1 2 1sin( ) cos( ) , sin( 60 ) cos( 60 )
o or r          
A B
1 1 2r e e r e e   
 1 2 1sin( 120 ) cos( 120 ) , sin( 180 ) cos( 180 )
o o o or r                
C D
1 1 2r e e r e e   
 1 2 1sin( 240 ) cos( 240 ) , sin( 300 ) cos( 300 )
o o o or r                
D E
1 1 2r e e r e e   
r1 = a0, θ = chiral angle in degrees. 
     The undeformed bond vector between two atoms  and  is
   r r r . By 
using the conventional first order Cauchy Born rule (Yang and Weinan 2006) the 
deformed bond vector was written as
 r Fr . From r  the values of Δr and Δθ 
were calculated and they were used to estimate the total strain energy ETotal as a 







, where 0 is the volume of representative 




0 03 3 / 2a h . Figure 4.8 ascertains that for tubes with chiral 






bondk  then G under clockwise torsion is larger than G 
under anti-clockwise torsion. 
 
Figure 4.8: Effect of θ on τ-  response of hexagonal lattice where
 0.1elongation shortening
bond bond
k k . 




bondk then also τ- of  chiral 
configuration depends on twist direction, but in this case, the effect of twist direction 
is prominent only beyond the regime of infinitesimal small  marked by region I in 
Figure 4.9. For non-chiral tubes (armchair, zigzag SWCNTs), τ-  curve is 
independent of the direction of shear because the atoms are symmetrically oriented 
about axis e1 and e2.   





Figure 4.9: Effect of θ on τ- response of hexagonal lattice where
elongation shortening
bond bond
k k  . 
    Cyclical torsion tests were performed to investigate whether there is any presence 
of plasticity during torsional deformation. A sample case study is presented in Figure 
4.10, it ensures that SWCNT behaves elastically under cyclical twisting.   
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Figure 4.10: Elastic response of SWCNT under cyclic torsion. 
     Case studies were performed to investigate the effect of wall number on MZ- 
response of CNT. Figure 4.11 demonstrates that prior to the degradation of torsional 
stiffness (slope of MZ- curve) the MZ- response of MWCNT can be calculated by 
just summing the MZ- responses of its constituent SWCNTs. Therefore, it is inferred 
that during the torsional simulation the inter-tube van der Waals force does not 
influence the MZ- response of MWCNT.  However, after torsional buckling, the 
inter-tube van der Waals force affects the MZ-  response of MWCNT.  
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Figure 4.11: Effect of wall number on MZ- response of CNT. 
4.2 Torsional buckling of CNT 
During the torsional simulation of SWCNT, geometric instability was observed which 
will be referred to as torsional buckling. A clear definition of torsional buckling is 
presented first followed by MD simulation results. 
4.2.1 Definition of torsional buckling 
From MD simulation results MZ- curves of CNTs were plotted. Torsional buckling 
of CNT is identified by the occurrence of a sudden decrease in the torsional stiffness 
(i.e. slope of MZ- curve) of the CNT (please note this criterion is different from that 
used in identifying buckling of CNT under compressive loading). The values of MZ 
and  at buckling are termed as Mcr and cr respectively. Figure 4.12 illustrates that 
the two types of MZ versus  curves depend on the number of walls in CNT. We refer 
curve A in Figure 4.12 as Type A curve when the torsional stiffness changes from 
positive to negative value at buckling.  The other kind of MZ- response is called 
Type B curve that also suffers a change in torsional stiffness but the degraded 
torsional stiffness is still positive. Generally, it is observed that non-chiral SWCNTs 
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show Type A MZ- curve whereas, DWCNTs exhibit Type B MZ- response. In Type 
B response, hardening is observed, in the post buckling region, which is due to the 
strengthening provided by inter-tube van der Waals interaction.  
 
Figure 4.12 MZ versus  for 6.0 nm long (a) SWCNT(5,5) , (b) SWCNT(10,10), 
(c) DWCNT((5,5),(10,10)). 
     A gradual change in the deformed shape of CNT under torsional load is depicted in 
Figure 4.13b. The deformed shape of SWCNT at the occurrence of torsional buckling 
was taken as the buckled mode shape of SWCNT (denoted by Point B in Figure 4.13). 
As the twisting was continued, the SWCNT deformed into a helix deflected shape 
(Silvestre 2012) given by the deformed shape of SWCNT at Point C in Figure 4.13b.  
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Figure 4.13 (a) MZ- response of 5.5 nm SWCNT(10,10) (b) Deformed shape of 
SWCNT at different . 
4.2.2 Torsional buckling results for non-chiral SWCNTs 
The torsional buckling results for armchair and zigzag SWCNTs are presented Table 
4.1 and Table 4.2 respectively.  
Table 4.1: MD buckling results for armchair SWCNTs with L/D  ≤ 10 under 
torsion 
SWCNT (5,5) 
D = 0.678 nm 
SWCNT (10,10) 
D = 1.356 nm 
SWCNT (15,15) 
D = 2.034 nm 
SWCNT  (20,20) 

























2.0 16.0 0.5760 1.0 43.6 0.2007 1.0 53.3 0.1222 1.5 46.0 0.0960 
3.1 11.2 0.6371 1.5 30.6 0.2269 1.4 43.8 0.1396 1.8 42.0 0.1047 
4.2 8.9 0.6894 2.1 24.6 0.2531 1.6 39.1 0.1484 2.0 39.2 0.1135 
4.9 8.0 0.7330 2.4 22.9 0.2793 2.0 35.3 0.1658 2.2 38.7 0.1222 
6.0 7.2 0.8116 3.0 20.2 0.3054 2.4 31.0 0.1745 2.6 36.8 0.1309 
7.0 6.7 0.8988 3.5 19.5 0.3491 2.7 27.8 0.1833 3.0 31.7 0.1396 
8.1 6.5 0.9948 4.1 18.5 0.3841 3.0 26.7 0.1920 3.5 29.0 0.1484 
8.9 6.3 1.0646 4.4 16.8 0.3843 3.3 24.6 0.2007 3.8 28.4 0.1571 
9.9 6.2 1.1694 5.0 14.8 0.3844 4.0 22.6 0.2270 4.0 27.7 0.1658 
   6.1 12.5 0.4014 4.6 21.8 0.2531 4.5 26.3 0.1745 
   7.0 11.2 0.4189 5.0 20.9 0.2618    
   7.5 10.8 0.4363 5.4 20.8 0.2793    
 
  8.0 10.4 0.4538 6.0 19.0 0.2880    
 
  9.0 9.9 0.4800 6.7 16.8 0.2881    
 
  10.0 9.6 0.5236       
 
  20.0 8.4 0.9250       
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Table 4.2: MD buckling results for zigzag SWCNTs with L/D  ≤ 10 under torsion 
SWCNT (10,0) 
D = 0.783 nm 
SWCNT (13, 0) 
D = 1.017 nm 
SWCNT (16,0) 
D = 1.253 nm 
SWCNT (19,0) 

























1.7 15.2 0.3517 1.7 17.1 0.2985 1.8 19.6 0.2025 2.0 20.2 0.1833 
3.9 8.8 0.4834 3.8 11.2 0.3857 3.8 14.0 0.3281 4.0 15.8 0.2889 
4.7 7.3 0.6344 6.0 8.7 0.4791 5.8 10.2 0.3814 6.0 11.6 0.3281 
6.1 6.9 0.8055 8.0 7.9 0.5864 7.8 9.0 0.4599 8.0 10.1 0.3839 
These results demonstrate that for SWCNT with the same L/D, Mcr increases with 
increase in D of SWCNT whereas, cr decreases with increase in D. It is also evident 
that Mcr decreases and cr increases with increase in L of SWCNT. This observation 
was also reported by Wang et al. (2007). 
     Various researchers have performed MD simulations to calculate the torsional 
buckling capacities of SWCNTs. Because different researchers have used different 
CNT geometries for their simulations, we can only compare a few of the existing 
results with the present MD simulation results as plotted in Figure 4.14. 
  
Figure 4.14: Comparison of cr for (a) SWCNT(5,5), (b) SWCNT (10,10) 
performed using AIREBO potential (solid circle) , using AIREBO potential by 
Khademolhosseini et al. (2010) (solid triangle), using REBO
2nd
 + L-J potential by 
Yang and Wei (2009) (inverted triangle), using COMPASS potential by Cao and 
Chen (2006) (crossed square). 
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From Figure 4.14, it is observed that the cr values predicted from MD simulation 
using the AIREBO potential are similar to the cr values obtained from MD 
simulation using the REBO
2nd
 + LJ potential. Hence, it can be inferred that the torsion 
term in AIREBO potential has minor effect on the torsional buckling behaviour of 
SWCNT. We recall that the MD simulation with COMPASS potential gives a smaller 
value of cr when compared to the c calculated from MD simulation with AIREBO 
potential. In the case of torsional buckling, COMPASS potential gives a larger value 
of cr when compared to the cr values calculated using AIREBO potential.  
4.2.3 Effect of θ and D on torsional buckling of SWCNT 
Chang (2007) found that θ and the direction of torque affect the buckling shear strain 
cr of SWCNT. Continuing this work, we carried out MD simulations to explore the 
effect of θ and direction of torque on Mcr and cr. For this purpose, we consider 
SWCNTs with various θ but having the same diameters (D = 2.03 nm). Previously, 
we reported that the MZ- response of chiral SWCNT (n > m) under anticlockwise 
torsion is stiffer than the MZ- response of chiral SWCNT (n > m) under clockwise 
torsion. Interestingly, we found that chiral SWCNT displays greater buckling 
resistance under anticlockwise torsion; four case studies are presented in Figure 4.15 
for illustration.  
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Figure 4.15: Twist direction dependent MZ-.  
The Mcr and cr values for SWCNTs with different D and L are plotted in Figure 4.16. 
 
Figure 4.16: Effect of θ and twist direction on cr and Mcr. Filled symbols denote 
cr and Mcr values under clockwise torsion and open symbols denote cr and Mcr 
values under anticlockwise torsion. 
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4.2.4 Effect of wall numbers on torsional buckling of CNT 
In the case of MWCNTs, Mcr and cr values are controlled by the aspect ratio L/Di 
and chiral angles of the SWCNTs that make up the MWCNT. To explore the effect of 
L/Di, we studied non-chiral CNTs for which Mcr and cr are independent of the 
twisting direction. The results are reported in Table 4.3 and Table 4.4. 
Table 4.3: MD buckling results for armchair DWCNTs with L/Di ≤ 10 under 
torsion 
DWCNT (5,5),(10,10) 
Di = 0.678 nm 
DWCNT (10,10),(15,15) 
Di = 1.356 nm 
DWCNT (15,15),(20,20) 
















2.0 55.9 0.2268 2.1 80.8 0.1920 2.0 92.1 0.1309 
3.1 46.3 0.2967 3.0 62.0 0.2182 3.0 77.0 0.1658 
4.2 41.8 0.3665 4.1 55.6 0.2705 4.0 60.5 0.1833 
4.9 40.5 0.4189 4.9 52.5 0.3142 5.0 57.4 0.2182 
6.0 38.5 0.4887 6.1 50.0 0.3665 6.0 54.1 0.2443 
7.0 37.7 0.5672 7.0 42.8 0.3670 
 
8.1 35.5 0.6196 8.0 38.2 0.3840 
8.9 34.3 0.6544 8.9 34.8 0.3927 
9.9 32.8 0.7069 10.0 32.9 0.4189 
Table 4.4: MD buckling results for zigzag DWCNTs with L/Di  ≤ 10 under 
torsion 
DWCNT (7,0),(16,0) 
Di = 0.548 nm 
DWCNT (10,0),(19,0) 











2.0 38.7 0.1977 2.0 43.4 0.1763 
4.0 28.8 0.2618 4.0 34.9 0.2919 
6.0 26.0 0.3744 6.0 32.3 0.3813 
8.0 24.9 0.4983 8.0 31.7 0.5123 
10.0 24.3 0.5829 10.0 29.4 0.5995 
The Mcr and cr values of TWCNT ((5,5),(10,10),(15,15)) with L/Di = 5.9, are 83.4 
nN-nm, and 0.2764 radians respectively; a TWCNT ((10,10),(15,15),(20,20)) with 
L/Di = 2.9 has Mcr and cr values 128.3 nN-nm and 0.1634 radian respectively. For 
MWCNT, the cr value falls in between the cr values of the innermost and outermost 
tubes constituting the MWCNT. Moreover, due to strengthening offered by the inter-
tube van der Waals force the Mcr of MWCNT is greater than the sum of Mcr values of 
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its constituent tubes. Similar to SWCNT, armchair DWCNT has larger Mcr and cr 
than zig-zag DWCNT. Therefore we can conclude that armchair CNT is stronger in 
torsion than zigzag CNT. 
4.3 Summary and Conclusions 
MD simulations were performed to ascertain that CNT undergoes elastic deformation 
prior to the occurrence of torsional buckling which is reflected by the change in 
stiffness of MZ- curve or τ- curve. We found that prior to buckling, G of non-chiral 
SWCNT decreases with increase in D. When D > 2.03 nm, G of SWCNT becomes 
constant; for armchair and zigzag SWCNTs with D  2.03 nm, the values of G are 
244 GPa and 242 GPa respectively. Chiral SWCNT (where n > m) has larger G under 
clockwise torque and smaller G under anticlockwise torque. By using a simple 
example, we are able to substantiate that the τ- response of chiral SWCNT should be 
direction dependent. This is because of two reasons, a) the atoms are non-
symmetrically arranged with respect to its longitudinal and transverse axes, and b) the 
C-C bond shows softening under tension and hardening under compression. 
    Torsional buckling of SWCNT was defined by the change in torsional stiffness i.e. 
by the change in slope of MZ- curve. We found that SWCNT shows un-stable post-
buckling response under torsion, but MWCNT shows stable post-buckling response 
due to the strengthening provided by inter-tube van der Waals interaction. It was 
observed that cr predicted by MD simulation with the AIREBO potential are smaller 
than the cr values calculated using the COMPASS potential. Moreover, unlike the 
case of compression buckling of SWCNT, Mcr/cr predicted by AIREBO potential is 
similar to the Mcr/cr furnished by MD simulation using REBO
2nd
+LJ. Therefore, it is 
evident that the dihedral interaction term in AIREBO potential does not affect Mcr/cr.  
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     The Mcr and cr values of SWCNT depend on θ. For chiral SWCNT, the Mcr and 
cr values also depend on direction of twist. Chiral SWCNT (with n > m) has Gclock > 
Ganticllock. However, chiral SWCNT under anticlockwise torque shows larger Mcr and 
cr values than the Mcr and cr values under clockwise torque. Present MD 
simulations reveal that the cr under a clockwise torque reaches a minimum value at θ 
 15o and under an anticlockwise torque cr reaches a maximum value around θ  15
o
. 
On the other hand, the maximum value of Mcr occurs at θ  22.5
o
 under anticlockwise 
torque. Whereas, under a clockwise, torque Mcr attains a minimum value at θ  10
o
. In 
MWCNT, prior to buckling, the inter-wall spacing remains unchanged. Hence, the 
pre-buckling MZ- response of MWCNT can be calculated by summing up the pre-
buckling MZ- response of the constituent SWCNTs.  However, Mcr and cr value of 
MWCNT is affected by inter-tube van der Waals interaction. Owing to the presence 
of inter-tube van der Waals strengthening, Mcr increases with increase in the number 
of walls. However, cr decreases as the wall number increases. 
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Chapter  5  
Thick shell model for CNT 
This chapter presents the thick shell theory for predicting structural instability of 
CNT under compression and torsion. A brief introduction to the thick shell theory is 
presented. The MD simulation results are used to develop D-dependent and θ-
dependent E for SWCNT. We show that using the proposed E in thick shell theory one 
can obtain good estimate for Pcr and cr values of SWCNT under compression. The 
proposed E is also modified for torsional buckling to account for twist direction. It 
will be ascertained that the proposed thick shell model is also applicable for CNTs 
with large aspect ratios. 
5.1 Description of cylindrical shell theory 
Kulathunga et al. (2009) and Wang et al. (2011) demonstrated that the first order 
shear deformable shell theory gives better prediction of cr for SWCNTs. Hence thick 
shell theory was chosen. Indeed, for larger diameter tube, the effect of shear 
deformation will diminish and thin shell theory and thick shell theory will give close 
results. As a generalization, we adopted thick shell theory so that the proposed shell 
model can be applied to SWCNTs having small or large diameters. Thick shell theory 
gives a Type I continuum model for SWCNT which is easy to implement and use. A 
general discussion of shell theory is given next. 
     Conventional linear elastic small strain shell theories such as the Donnell shell 
theory (DST), the Sanders shell theory (SST), and the first order shear deformable 
shell theory (FSDST) have been used to analyze CNTs (Wang et al. 2011). These 
shell theories differ from based on the assumptions made in the kinematics of shell 
deformation (Leissa 1993). Both Donnell and Sander’s shell theories assume that the 
vectors normal to undeformed shell middle-surface remain straight and normal to the 
deformed shell middle-surface without any change in length of these normal vectors. 
However, in the Donnell shell theory (Reddy 2007b) the effect of curvature on strain 
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displacement relation is neglected. Hence this simplest thin shell theory is only 
suitable for shells with small curvatures i.e large D. Sanders shell theory (Reddy 
2007b) was derived by applying the principle of virtual work on the 3-D equilibrium 
equations of solids in cylindrical coordinates and hence it is a more accurate thin shell 
theory. FSDST (Reddy 2007b) allows for the effect of transverse shear deformation. 
For these aforementioned shell theories, equilibrium equations for cylindrical shell 
under uniform compression/torsion are given in Equation (5.1) (Reddy 2003, Wang et 
al. 2011). Note that these equations only consider the geometric nonlinearity caused 
by the external stresses undergoing moderate rotation via finite rotation of shell 
middle-surface (Reddy 2003, Reddy 2007b). Referring to Figure 5.1, the equilibrium 
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where N (, = Z,) are in-plane forces, M (, = Z,) are bending moments, Q  
(= Z,) are transverse shear forces, R is radius of cylinder = D/2, w is radial 
displacement. ˆ
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 . For 
compression buckling, MZ = 0 and for torsional buckling P = 0.  
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Figure 5.1: Displacement and rotation components of a cylindrical shell. 
For different values of the scalar indicators s1 and s2, Eq. (5.1) gives different shell 
theories as follows:  
 s1 = 1 and s2 = 1 gives first order shear deformation shell theory (FSDST)  
 s1 = 0 and s2 = 1 gives sanders shell theory (SST) 
 s1 = 0 and s2 = 0 gives Donnel shell theory (DST) 
The shell section forces N and M are calculated using E, , and h. For different 
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where,  ,Z    are the rotations of transverse normal as described in Figure 5.1  
(Kulathunga et al. 2009). In FSDST, Z,  are unknowns and these are solved from 
equilibrium equations. For SST and DST, by invoking the criteria of zero transverse 
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. In classical shell theories, 
such as DST and SST the transverse shear forces QZ and Q are calculated from 
equilibrium equations and for FSDST QZ and Q are obtained from constitutive 
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 (5.3) 
where, Ks is the shear correction factor in FSDST normally taken as 5/6 for 
rectangular section. 
    Proposed thick shell theory relies on FSDST. It is apparent that one needs the 
material parameters E,  and tube thickness h to analyze the buckling problem of 
SWCNT. In subsequent sections, we discuss the derivation of E and we also show 
how the shell buckling results compare with the MD simulation results. 
5.2 Compressive buckling of CNT 
Type I thick shell model for CNT requires the input of the equivalent E, ν, and h for 
the CNT. From MD simulations, we found that Pcr and εcr depend not only on L, D of 
SWCNT but they also depend on chiral angle θ. Therefore, the E at least needs to be a 
function of L, D and θ if the shell theory is going to be applicable for chiral CNTs of 
different dimensions. For calibration purpose, we assumed h = 0.066 nm as proposed 
by Yakobson et al. (1996). Yakobson et al. (1996) estimated h by equating the axial 
rigidity and bending rigidity of SWCNT calculated from MD and first principle 
simulations, with the axial rigidity and bending rigidity expressions obtained using 
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the thin shell theory. The calibration of E for compressive buckling of SWCNT is 
reported next. 
5.2.1 Calibration of E of SWCNTs  
In Chapter 3, we reported that SWCNT behave as a nonlinear-elastic material with 
stress-hardening behaviour. Hence the E varies with axial strain. Shell buckling 
analysis with material nonlinearity is not trivial and it is also computational intensive. 
So we adopted a linear elastic shell theory instead of a nonlinear shell theory. 
Therefore, to take into account nonlinear effect in linear shell buckling analysis the E 
was evaluated as the secant slope of P-Δ curve calculated at the location of critical 
buckling (Point A in Figure 5.2). First principle calculation demonstrated that  of 
SWCNT varies from 0.12 to 0.19 for θ varying from 0o to 30o and for diameters in the 
range of 0.6 nm to 1.4 nm (Sánchez-Portal et al. 1999). With increase in D, the 
Poisson ratio  of SWCNT becomes closer to  =0.19 that is the  of graphite crystal 
obtained from experiments. So, for the ease of calibrating material parameters we 
adopted  = 0.19 which is similar to the Poisson ratio used by Yakobson et al. (1996). 
 
Figure 5.2: Typical axial load P versus end shortening Δ plot for CNT. 
   
110 






Z Z Z Z Z
eff
P P P Eh
E E E
DhA D
    
  






where Z is in the direction of the tube axis, D the diameter of tube, h the thickness of 
shell, P is the axial load in cylinder shell. 
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  (5.5) 
The MD simulation buckling results reported in Table 1.1 (Chapter 3) were used to 
plot Pcr/(πD) versus εcr curves for different armchair SWCNTs. Sample Pcr /(πD) 
versus εcr curve for SWCNT (10,10) and the variations of k with respect to the L of 
SWCNT, are shown in Figure 5.3a and Figure 5.3b respectively. 
 
Figure 5.3: (a) Estimation of k from, Pcr/(πD) versus εcr for armchair SWCNT 
(10,10) (b) Variation of k with L of armchair SWCNT. 
From Figure 5.3b it is seen that for the smaller diameter SWCNT (10,10), k seems to 
vary with L. On closer observation, the maximum variation is only about 5%, which is 
regarded as statistically insignificant. For larger diameter SWCNTs, the variation of k 
with L is even less significant. We also observed that k decreases with increasing D of 
SWCNT. Hence, we shall assume k to be dependent on D, but independent of L. We 
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have selected nine SWCNTs with different diameters in order to establish the relation 
of k with D. These nine SWCNTs encompass the entire diameter range of SWCNTs 
that can be synthesized ranging from 0.4 nm (Hayashi et al. 2003) to 10 nm (Ma et al. 
2009). Then the E was computed from Equation (5.5) and a plot of E versus D was 
created, as shown in Figure 5.4. 
 
Figure 5.4: Variation of E with D for armchair SWCNTs. 
     The proposed empirical expression for E does not take into account the effect of θ. 
Therefore, to take into account chirality effect the expression of E was multiplied by 
an empirical function f which depends on the chiral angle θ: 
 0.37( , ) ( )* ( ) (3.19 3.15 )* ( )E D E D f D f       (5.6) 
The function f(θ) was calibrated from the Pcr values obtained from MD results as 
reported in Table 1.3. A quadratic function was chosen for f(θ) that closely mimics 
the variation-pattern of Pcr versus θ as observed from the MD simulations. The 
modified E expression takes on the following form  
 
0.37 o o 2
1 2( , ) (3.19 3.15 )* 1.0 ( 30 ) ( 30 )E D D k k  
           (5.7) 
where D is in nm and θ is in degrees, ( , )E D   in TPa. The expression is valid only for 
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SWCNT with 0.4 nm ≤ D ≤ 14 nm as we did not examine SWCNTs outside this 
aforementioned range of diameters. k1 and k2 are constants that are calibrated in the 
next section.  
     The values of k1 and k2 were evaluated by calibrating against the Pcr values of 4 nm 
long SWCNT with D = 2.04 ± 0.01 nm; it was established that k1 = 0.0215 and k2 = 
0.00095 (please refer to Figure 5.5). 
 
Figure 5.5: Calibration of k1 and k2. 
For calibrating the E of SWCNT, we used the armchair SWCNTs. However, one can 
use any SWCNT of different chirality to start with and that will give different 
expressions of E(D) and f(θ). However, the value of ( , )E D  obtained by multiplying 
E(D) and f(θ) will remain unchanged.  
5.2.2 Inter-tube van der Waals interaction in MWCNT 
For buckling analysis of MWCNT, the E values of its constituent tubes were 
calculated from Equation (5.7).  Moreover, in MWCNT the inter-tube van der Waals 
(vdW) interaction also needs to be accounted for.  The inter-tube interaction in 
MWCNT is caused by non-bonded vDW interaction. We recall the expression for 
vdW interaction from Chapter 2 given by 
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 (5.8) 
where for CNT, rij = distance between atoms i and  j ,  = 3.4 Å,  =  0.00284 eV, 
maxLJ
ijr  , 
min 1/62LJijr   , 
max 0.81ijb  , and 
max 0.77ijb  . 
    In the continuum shell model of MWCNT, the inter-tube vdW interaction can be 
modeled as nonlinear Wrinkler springs connecting two tubes (Batra and Sears 2007, 
He et al. 2010). The inter-tube vDW can also be modeled as inter-tube pressure that is 
a function of the gap between two tubes (Pantano et al. 2004). However, for linear 
buckling analysis, the vDW interaction is popularly modeled via linear Wrinkler 
springs (Kulathunga et al. 2009, Qian et al. 2005, Roy Chowdhury et al. 2014a, Wang 
et al. 2003). The stiffness of the linear vdW spring element was calculated as 
proposed by Wang et al. (2006) 
 s vdW springK c A  (5.9) 
where, cvdW is the vDW coefficient to be determined from Equation (5.8) and Aspring is 
the area of the spring. 
     cvdW was calculated by taking the second derivative of the energy versus interlayer 
spacing relation, of MWCNT (He et al. 2005, Saito et al. 2001); its value is given as 
(Kulathunga et al. 2009, Wang et al. 2006) 
 
2 7 4 2
19 3
2 2 18 2
320 erg/cm 320x10 /10 * N-m/m
9.919x10  N/m








5.2.3 Finite element model for buckling analysis of CNTs 
Buckling analysis of CNTs were performed using the proposed cylindrical shell 
model with ν = 0.19, the size-dependent E given by Equation (5.7), and h = 0.066 nm. 
The commercial finite element software package ABAQUS/Standard (Hibbit and 
Pawtucket 2005) was used to perform buckling analysis using thick shell element 
S8R6 available within the finite element library of ABAQUS/Standard. S8R6 is an 
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eight node shear deformable small strain but finite rotation shell element. The detailed 
formulation of this shell element is available in ABAQUS theory manual. Figure 5.6 
illustrates the finite element model of a DWCNT. 
 
Figure 5.6: (a) Typical finite element mesh for DWCNT. (b) Calculation of vdW 
spring stiffness. 
We used the geometrical and material properties of SWCNTs to establish the 
continuum shell model for MWCNT. The Young’s moduli of different tubes of 
MWCNTs were calculated from Equation (5.7) that represents a departure from the 
conventional use of a single E for all tubes in other continuum models of MWCNT 
(Kulathunga et al. 2009, Ru 2000, Sears and Batra 2006). The same values for  = 
0.19 and h = 0.066 nm were adopted for outer and inner tubes. Additionally, the van 
der Waals (vdW) interaction between the outer and inner tubes was modeled by linear 
spring elements. The spring stiffness is given by Equation (5.9). Buckling analyses 
were performed by using the finite element software ABAQUS. In the analyses, the 
bottom edges of CNT were rigidly fixed against displacement and rotation. A unit 
load (P) was applied through an artificially introduced node Q (shown in Figure 5.6a), 
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which allowed the load to be applied through the central axis of the cylinder with no 
loading eccentricity. The effect of this load was transferred to the continuum shells by 
connecting node Q with the top surface of the tube by using rigid body constraints. 
Buckling analysis under axial load was done by performing linear eigenvalue analysis 
with a vertical unit load applied at point Q. The shell buckling results for non-chiral 
and chiral SWCNTs are presented first followed by the shell buckling results of 
MWCNT. 
5.2.4 Compressive buckling of CNT: comparison of thick shell and MD results 
 Buckling results for SWCNT 
Figure 5.7 and Figure 5.8 present the comparison of the Pcr values calculated using 
MD, with the Pcr values estimated using thick shell theory. For the ease of 
comparison, the results are plotted with a 10% error bar. It is observed that the shell 
results are within 10% of MD simulation results except for the case of SWCNT(5,5). 
For short SWCNT (5,5), the shell buckling results deviates significantly with MD. 
This is somewhat expected as atomistic effects dominate at such a small length-scale, 
hence the continuum shell assumption is invalid. In any case, simulation of small and 
short SWCNTs may be easily and quickly performed by atomistic methods. 
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Figure 5.7: Comparison of Pcr for armchair SWCNT. MD (solid circle) versus 
thick shell theory (open triangle). 
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Figure 5.8: Comparison of Pcr for zigzag SWCNT. MD (solid circle) versus thick 
shell theory (open triangle). 
Similarly, the shell model was also used to calculate the Pcr values of chiral 
SWCNTs. Figure 5.9 depicts that the Pcr values of chiral SWCNTs obtained using the 
shell theory are also in good agreement with MD simulation results.  
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Figure 5.9: Comparison of Pcr calculated using thick shell model and MD 
simulations for axially loaded SWCNTs. 
Thus, it is evident that linear buckling analyses performed using the proposed thick 
shell model yield Pcr values that are close to MD simulation results. However, by 
using the proposed shell model, it is not possible to get good estimates of εcr because 
SWCNT exhibits a nonlinear elastic material behaviour under compression that was 
discussed in Chapter 3. 
      We found that the relation of axial stress tZ with axial strain εZ depends only on θ 




1 2( ) ( )Z Z Zt c c      (5.11) 
Note that in Equation (5.12) negative Zt and Z represent compressive stress and 
compressive strain respectively. 
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Figure 5.10: Stress versus tZ-Z of SWCNT with various chiral angles. 
The parameters ci (θ) were calculated as follows 
 
2 2( ) (0)cos (3 ) (30)sin (3 )i i ic c c     (5.12) 




 are presented in Table 5.1. 







c1(0) 4500 c1(30) 4455 
c2(0) -28545 c2(30) -57045 
These parameters has to be used with h = 0.066 nm 
     Pcr was calculated using the proposed shell model and the load was divided by the 
cross-sectional area of the SWCNT (πDh) in order to obtain the critical buckling 
stress tcr. The value of tcr was substituted with a negative sign in Equation (5.12), 
which after rearranging gives a quadratic equation in terms of εcr. Two roots were 
obtained by solving the quadratic equation. The root with the lesser magnitude is 
taken as εcr given by (5.13). 
















  (5.13) 
The cr were compared with MD simulation results in Figure 5.11 to Figure 5.13. 
From these figures it is evident that the aforementioned approach of calculating εcr 
produces results that are very close to MD simulation results.  
 
Figure 5.11: Comparison of cr calculated using thick shell model and MD 
simulations for axially loaded armchair SWCNTs. 
   
121 
 
Figure 5.12: Comparison of cr calculated using thick shell model and MD 
simulations for axially loaded zigzag SWCNTs. 
 
Figure 5.13: Comparison of cr calculated using thick shell model and MD 
simulations for axially loaded chiral SWCNTs. 
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The proposed shell model can also be used to estimate Pcr of CNTs with aspect ratios 
larger than 10. To substantiate this statement a SWCNT(10,10) with an aspect ratio of 
20 was analyzed. The Pcr for this SWCNT calculated using the thick shell models is 
19.8 nN that is within 10% of the MD simulation results (see Table 1.1 in Chapter 3 
for MD results of SWCNT with L/D = 20.0). The cr of the aforementioned SWCNT 
calculated from the thick shell is 0.0117. The cr obtained from the shell model is also 
within 10% of the MD simulation result.  
     We compared cr obtained from proposed shell model with the cr reported by 
Zhang et al. (2009b) and Agnihotri and Basu (2010) to demonstrate that the proposed 
shell theory is also applicable for very long SWCNTs. Figure 5.14 shows that the 
proposed shell model works well for very long SWCNTs also. Therefore, we expect 
that proposed shell model will be applicable for very long SWCNTs. 
 
Figure 5.14: Comparison of the shell model [filled circle] with MD simulation 
results for long SWCNTs performed by Agnihotri and Basu (2010)[hollow 
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 Buckling results for MWCNT 
The proposed shell model was also used to analyze the buckling response of DWCNT 
and TWCNT. Comparison studies of Pcr obtained from the proposed shell model with 
the MD simulation results of DWCNT are reported next.  
 
Figure 5.15: Comparison of Pcr obtained using thick shell model and MD 
simulations for axially loaded DWCNTs. 
Evidently for MWCNTs, the formula for calculating εcr needs to be modified. A 
general expression of εcr was derived. For buckling of MWCNTs, individual tube has 
the same axial strain of εcr since the ends of all tubes are constrained to move together. 
Therefore the loads shared by individual tubes have to sum up to the total axial load, 
i.e. 
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where M = number of walls, i
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     By substituting the expression of i
Zt  in Equation (5.14) and after rearranging we 
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The εcr values obtained from Equation (5.16) and the MD simulation results are 
compared in Figure 5.16. For TWCNT, the values of Pcr and εcr calculated by using 
shell theory are tabulated in Table 5.2 along with MD simulation results. 





Pcr εcr (nN) (nN) 
 (5,5),(10,10),(15,15) 5.90 210.2 0.0398 198.5(-6)  0.0361(-9) 
(10,10),(15,15),(20,20) 2.95 236.5 0.0315 223.5(-5) 0.0289(-8) 
Note: quantity in bracket denotes % deviation from MD simulation results 
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Figure 5.16: Comparison of εcr obtained using thick shell model and MD 
simulations for axially loaded DWCNTs. 
We have verified that the Pcr and εcr values calculated by using the thick shell model 
with D-dependent and θ-dependent E are in good agreement with their MD simulation 
counterparts. In the next section the thick shell theory is extended for the torsional 
buckling of CNTs. 
5.3 Torsional buckling of CNT 
In Chapter 4, we reported Mcr and cr of SWCNT depends on the θ, D, and twist 
direction. It is evident that in order to capture the aforementioned characteristics, the 
material parameters that have to be used in the thick shell model also need to be 
modified. In this section, we aim to establish a set of material parameters to be used in 
conjunction with the thick shell model so that it can capture the L-dependent, D-
dependent, θ-dependent, and twist direction-dependent torsional buckling behaviour 
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of SWCNTs. For this purpose, we first assess the thick shell model in predicing Mcr 
and cr values of armchair SWCNTs. Then this model was extended for chiral 
SWCNTs by taking into account θ and the effect of twist direction. The assessment of 
the proposed thick shell model for torsional buckling analysis of MWCNT is also 
presented in following section.  
5.3.1 Thick shell results for torsional buckling of armchair SWCNTs  
Torsional buckling analysis of armchair was performed using the thick shell theory 
with E = 
0.37(3.19 3.15 )D ,  = 0.19. h = 0.066 nm. Linear eigenvalue buckling 
analysis was performed by applying a unit torque at Point Q (refer to Figure 5.6). We 
used the same finite element mesh that was reported in Section 5.2.3. The Mcr values 
calculated for armchair SWCNTs are compared with MD simulation results with a 
15% error bar in Figure 5.17. Along with the thick shell results, we also present the 
Mcr values calculated using Schilling’s formula (Silvestre 2012), Kromm’s formula 
(Silvestre 2012), nonlocal Donnell and Timoshenko shell theory results proposed by 
(Khademolhosseini et al. 2010). Note that nonlocal models take into consideration the 
effect of small length scale via the coefficient e0. These aforementioned formulas are 
given below: 
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 (5.17) 
where, h = 0.076 nm (Khademolhosseini et al. 2010, Silvestre 2012) 
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 Non-local Donnell’s model  























where h = 0.085 nm,  = 0.2, a = 0.141 nm, n1 = 2, e0 = 0.79 for armchair SWCNT 
and e0 = 0.57 for zigzag SWCNT (Khademolhosseini et al. 2010) 


































, e0 = 
0.85 for SWCNT armchair and e0 = 0.61 for zigzag SWCNT (Khademolhosseini et al. 
2010). 
 
Figure 5.17: Comparison of Mcr for armchair SWCNT. MD simulation results 
are shown in solid circle and thick shell results are shown in open triangle. The 
vertical bars denote 15 % error bar.  
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Figure 5.17 demonstrates that when compared to other continuum theories given by 
Equations (5.17) to Equations (5.20), the thick shell model with E = 
0.37(3.19 3.15 )D , h = 0.066 nm,  = 0.19 gives a better prediction of Mcr values for 
armchair SWCNTs (i.e. the results are closer to MD simulation results). Therefore, 
we infer that the thick shell model with a D-dependent E can estimate Mcr for 
armchair SWCNTs very close to MD simulation results. 
    In order to calculate cr, we need to take into account the τ- response of SWCNTs 
obtained from MD simulation results that were presented in Chapter 3. We found that 
τ- response of armchair SWCNT can be given as 
 1( )c D    (5.21) 
By fitting τ- response against MD simulation results, the parameters  1c D  is given 
by 
   01
.81.51 0.52Dc D      (5.22) 
where c1 is in TPa and D is in nanometers. 
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    (5.24) 
The cr values were calculated by using the Mcr values obtained from the thick shell 
model. These values are compared with MD simulation results in Figure 5.18.  
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Figure 5.18: Comparison of cr for armchair SWCNT. MD simulation results are 
shown in solid circle and thick shell results are shown in open triangle. The 
vertical bars denote 15 % error bar.  
From Figure 5.18, it is evident that the present shell model with the proposed τ- 
relation can furnish cr values within 15% of the MD simulation results for SWCNTs 
with D greater than 0.68 nm. For a small D SWCNT, as in case of SWCNT (5,5), the 
proposed shell model overestimates cr by at least 25%. Since the Mcr values were 
close, the underestimation of cr verified that the torsional stiffness (ratio of torque to 
twist angle) of the shell model is more than the torsional stiffness of the atomistic 
model of CNT. We opine that the homogenization of a discrete atomistic 
configuration into a continuum configuration leads to overestimation of torsional 
stiffness of CNT. For SWCNT with D < 0.68 nm, the proposed shell model 
overestimates cr. Hence, for these SWCNTs, to obtain cr values close to MD 
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simulation calculations, it is recommended to use an empirical modification factor of 
0.77 to the cr values. This empirical correction helps to modify the proposed shell 
model for SWCNT with D < 0.68 nm without invoking any complexity in the solution 
method.  
     The proposed shell model was also used to estimate Mcr of CNT with aspect ratios 
larger than 10. For this purpose a SWCNT(10,10) with an aspect ratio 20 was 
analyzed. The Mcr of this SWCNT calculated using the shell models is 9.1 nN-nm 
which is close to Mcr = 8.6 nN-nm predicted by MD simulation. The value of cr 
calculated from the shell model is 1.0 radian that is also within 8 % with the MD 
simulation result of cr = 0.925 radian. 
5.3.2 Torsional buckling of chiral SWCNTs 
Torsional buckling of chiral SWCNT also depends on θ and twist direction. However, 
the proposed thick shell theory models SWCNT as a linear elastic isotropic 
continuum solid. So, using a simple elastic and isotropic material model, it is not 
possible to capture the effects of nonlinear τ- relation, θ, and twist direction directly. 
So we suggest for modifying the thick shell results of armchair SWCNTs to 
incorporate the effects of θ and twist direction as follows 
 
Clockwise torsion:   301cr crM f M
  ,  
Anticlockwise torsion:   302cr crM f M
   
(5.25) 
where f1(θ) and f2(θ) are the functions to be calibrated from MD simulations results. 
30
crM is the critical buckling torque of armchair SWCNT. 
    Torsional buckling results for the different sets of chiral SWCNTs were used 
separately to get the parameter values of the functions f1(θ) and f2(θ). It was observed 
that the parameters derived using the MD simulation results of 8 nm long chiral 
SWCNTs with the D of 2.03 nm are most suitable for all the SWCNTs, MWCNTs 
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studied herein. Typical variations of f1(θ) and f2(θ) obtained from MD simulation 
results are plotted in  Figure 5.19. The parameters ci (i=1, 6) were calibrated using the 
Mcr values calculated from MD simulations of 8 nm chiral SWCNTs that has D of 
2.03 nm. As we are assuming a linear elastic shell theory, the E for chiral SWCNT 
was calculated by linearly scaling the E of armchair SWCNT as  
 
0.37( , ) ( ) ( ) ( )(3.19 3.15 )i iE D f E D f D  
    (5.26) 
where, i =1,2 and fi depends on the twist direction. 
The expressions of f1(θ) and f2(θ) are given in Equation (5.27) and for the ease of 
understanding these equations are also plotted as a function of θ in Figure 5.19. 
 
 2 3 51( ) 1.0 855.2 104.2 1.866 10f y y y       
 2 3 62( ) 1.0 15358.9 268.1 1.595 10f y y y       
owhere, -30 ,  and  is in degree.y    
(5.27) 
   
Figure 5.19: Calibration of f1(θ) and f2(θ) 
    The Mcr values of various zigzag and chiral SWCNTs were calculated using the 
thick shell model with the proposed ( , )E D given by Equation (5.26),  = 0.19, and h 
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= 0.066 nm. Equation (5.24) was used to calculate cr from Mcr. The Mcr and cr 
values of SWCNTs with different chirality are compared in Figure 5.20 to Figure 
5.23. 
 
Figure 5.20: Comparison of Mcr for zigzag SWCNT. MD simulation results are 
shown in solid circle and thick shell results are shown in open triangle. The 
vertical bars denote 15 % error bar. 
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Figure 5.21: Comparison of cr for zigzag SWCNT. MD simulation results are 
shown in solid circle and thick shell results are shown in open triangle. The 
vertical bars denote 15 % error bar. 
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Figure 5.22: Comparison of Mcr for chiral SWCNT. MD simulation results are 
shown in solid circle and thick shell results are shown in open triangle. The 
vertical bars denote 15 % error bar. 
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Figure 5.23: Comparison of cr for chiral SWCNT. MD simulation results are 
shown in solid circle and thick shell results are shown in open triangle. The 
vertical bars denote 15 % error bar. 
From the abovementioned figures, it is evident that the thick shell model is able to 
predict Mcr and cr values for non-chiral SWCNTs within 15% of the MD simulation 
results. For chiral SWCNTs, although the thick shell model can give good estimates 
of Mcr that are close to MD simulation results but the cr values display larger 
deviations ( 20 %) from MD simulation results. This is a drawback of proposed shell 
model. 
5.3.3 Torsional buckling of armchair and zigzag MWCNTs  
Mcr of MWCNT was also calculated using the proposed shell model. The walls in 
MWCNT were modeled as cylindrical shell having D-dependent and θ-dependent E 
given by Equation (5.26). From the Mcr value of MWCNT, the cr was calculated by  











  (5.28) 
where M is the number of walls. By using Equation (5.21), τi was replaced by 


















In Figure 5.24 to Figure 5.27, it is demonstrated that the thick shell model can predict 
Mcr and cr values for DWCNT within 15% of the MD simulation results. Similarly, 
the Mcr and cr values for TWCNT tabulated in Table 5.3 show that the proposed 
shell model can also estimate Mcr and cr values, of MWCNT, that are close to MD 
simulation results. 
Table 5.3: Shell results versus MD simulation results for TWCNT under torsion 
TWCNT L/D 
MD FSDST 
Mcr cr Mcr cr 
(nN-nm) (rad) (nN-nm) (rad) 
(5,5),(10,10),(15,15) 5.90 83.4 0.2764 69.8 (-16) 0.3113 (+13) 
(10,10),(15,15),(20,20) 2.95 128.3 0.1634 114.7 (+12) 0.1615 (+1) 
Note: quantity in bracket denotes % deviation from MD simulation results 
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Figure 5.24: Comparison of Mcr for armchair DWCNT. MD simulation results 
are shown in solid circle and thick shell results are shown in open triangle. The 
vertical bars denote 15 % error bar. 
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Figure 5.25: Comparison of cr for armchair DWCNT. MD simulation results 
are shown in solid circle and thick shell results are shown in open triangle. The 
vertical bars denote 15 % error bar. 
 
Figure 5.26: Comparison of Mcr for zigzag DWCNT. MD simulation results are 
shown in solid circle and thick shell results are shown in open triangle. The 
vertical bars denote 15 % error bar. 
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Figure 5.27: Comparison of cr for zigzag DWCNT. MD simulation results are 
shown in solid circle and thick shell results are shown in open triangle. The 
vertical bars denote 15 % error bar. 
5.4 Summary and Conclusions 
In this chapter, we employed the thick shell model for the buckling analysis of CNTs 
under compression or torsion. With the aid of MD simulation results, an empirical 
expression of D-dependent and θ-dependent Young’s modulus of SWCNT was 
established that is given by 
 
0.37 o o 2( , ) (3.19 3.15 )* 1.0 0.0215*( 30 ) 0.00095*( 30 )E D D             (5.30) 
where D is in nm and θ is in degrees, ( , )E D   in TPa. The expression is valid only for 
SWCNT with 0.4 nm ≤ D ≤ 14 nm as we did not examine SWCNTs outside this 
aforementioned range of diameters.  
Thick shell theory was employed using ν = 0.19, h = 0.066, and the proposed ( , )E D  . 
It is observed that the Pcr values obtained from eigenvalue analysis are very close to 
MD simulation results. The cr values were obtained from the Pcr values with the aid 
of stress-strain relation of SWCNT under compression given as  
 
2
1 2( ) ( )Z Z Zt c c      (5.31) 
Parameters of (5.31) given in Table 5.1 
Good estimate of cr were obtained using the tZ-Z relation given in Equation (5.31).  
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     In MWCNT, the inter-wall vdW interaction was modeled using linear spring 





. By using the cylindrical thick shell finite element model (S8R6 thick shell 
element of ABAQUS/Standard) with the D-dependent and θ -dependent E, ν = 0.19 
and h = 0.066 nm, it was shown that the proposed continuum thick shell model was 
able to predict Pcr close to MD results. The nonlinear tZ-Z relation given by Equation 
(5.31) was used to obtain good estimate of cr close to MD simulation results.  
     Torsional buckling analysis was performed using another empirical Young’s 
modulus that takes care of twist-direction-dependent mechanical response of 
SWCNT. For torsional buckling the Young’s modulus is given as 
 
0.37( , ) ( ) ( ) ( )(3.19 3.15 )i iE D f E D f D  
    (5.32) 
where, i =1,2 and fi depends on the twist direction. And, 
 
 2 3 51( ) 1.0 855.2 104.2 1.866 10f y y y       
 2 3 62( ) 1.0 15358.9 268.1 1.595 10f y y y       
owhere, -30 ,  and  is in degree.y    
(5.33) 
Thick shell theory, with the modified E given by Equation (5.32),  = 0.19, and h = 
0.066 was used to calculate the Mcr values of SWCNTs. We adopted a D-dependent τ-
 strain relation given by (5.22) to calculate cr from Mcr. It was found that the shell 
model is able to predict Mcr and cr values of SWCNTs and  Mcr and cr values of 
non-chiral MWCNT that are close to MD simulation results. The shell model predicts 
Mcr values of chiral SWCNTs within 15 % with the MD simulation results, but the cr 
values of chiral SWCNTs predicted by this shell theory significantly deviate by 20 % 
from MD simulation results. For SWCNT with D < 0.68 nm the proposed shell model 
overestimates cr by at least 25%.  Latter two cases are drawbacks of the thick shell 
model that needs to be resolved. 
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Chapter  6  
Continuum models for CNT under tension 
This chapter presents MD simulation results and continuum models for CNT under 
tension. The effects of θ and wall number on the tensile stress-stretch response of 
CNT are also investigated. Atomistic simulations have revealed that pristine single-
walled carbon nanotube (SWCNT) manifests nonlinear tZ-λZ response with stress-
softening under tension. Proposed herein are two alternative hyper-elastic continuum 
shell models that capture the stress-softening phenomenon. The first model is based 
on a nonlinear membrane-shell theory and the second model assumes CNT as a 
softening hyper-elastic material. The parameters of the continuum models are 
calibrated using MD simulation results. It will be demonstrated that the, softening 
hyper-elastic model of SWCNT under tension, can be easily extended to incorporate 
thermal effect and hydrostatic pressure. 
6.1 Introduction 
The stress (tZ) stretch (λZ) responses of SWCNTs reported by researchers were 
gathered and these are given in Table 6.1. The tZ-λZ response of zigzag SWCNT, 
predicted by these continuum models are plotted in Figure 6.1. For checking 
purposes, the DFT calculations are also included in Figure 6.1.       
      Table 6.1: Parameters of atomistic-continuum shell and structural mechanics 
models proposed by different researchers 
Researcher Method Interatomic potential SWCNT 
Belytschko et al. 
(2002)  
Molecular mechanics 
Modified Morse potential   
(Belytschko  
et al. 2002) 
Zigzag 
Jiang et al. (2003)  Atomistic-continuum shell Brenner potential  14,0 
Xiao et al. (2005)  Molecular structural mechanics Modifed Morse potential 20,0 
Volokh and Ramesh 
(2006) 





Molecular structural mechanics Modified Morse potential 20,0 
Wu et al. 2008 Atomistic-continuum shell Brenner potential 14,0 
Wu et al. (2009) 




 generation REBO 
potential  
14,0 
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Figure 6.1:  Comparison of tZ-λZ response of zigzag SWCNTs obtained from 
other shell theories. DFT calculations are shown as scattered plots. 
It can be clearly seen from Figure 6.1 that there are significant discrepancies between 
the reported tZ-λZ responses of zigzag SWCNTs reported by different researchers who 
used the same interatomic potentials. For instance, the results by Belytschko et al. 
(2002) and Xiao et al. (2005) do not agree with each other. Moreover, the results by 
Wu et al. (2008) and Volokh and Ramesh (2006) are also in disagreement. Hence, a 
thorough benchmarking of the continuum models is necessary to avoid such 
discrepancies. As we have discussed before, the atomistic-shell models are difficult to 
implement. Therefore, two hyper elastic continuum-shell models are derived for 
predicting the elastic tZ-λZ response of pristine SWCNT under. We first present 
atomistic simulation results for SWCNTs under tension that serve as benchmarks for 







 Belytschko et al. (2002)
 Jiang et al. (2003)
 Xiao et al. (2005)
 Volokh and Ramesh (2006)
 Tserpes and Papanikos (2007)
 Wu et al. (2008)
 Wu et al. (2009)
 Ogata and Shibutani (2003)
 Mielke et al. (2004)
 Liu et al. (2007)
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calibrating the continuum models. The pros and cons of these two models are 
discussed at the end of this chapter. 
6.2 Atomistic simulations 
First principle calculations are the most accurate computational models for CNT; 
these calculations are usually performed on unit cell of CNT to reduce computational 
cost (Mielke et al. 2004, Ogata and Shibutani 2003). The unit cell size of armchair 
and zigzag SWCNTs are 2.46 nm and 4.26 nm respectively (Ogata and Shibutani 
2003) and the numbers of atoms in these unit-cells are sufficiently small to be 
efficiently handled by first principle calculations. However, for chiral CNT the length 
of unit cell is long hence it contains larger number of atoms, so first principle 
calculations are not very efficient. For instance, the unit cell of SWCNT(10,10) 
contains 40 atoms whereas, the unit cell of chiral SWCNT(11,9) that has the similar D 
as SWCNT(10,10) contains 1204 carbon atoms. Hence, first principle calculations are 
not an efficient choice to explore the chirality effect on tensile response of SWCNT. 
Moreover, it is very computational intensive to study the effect of L and D on tensile 
response of SWCNT by using first principle calculations since the number of atoms 
increases with increase in L or D of tube. Therefore, we have performed classical 
molecular dynamics simulations (MD) in LAMMPS (Plimpton 1995) with the 
AIREBO (Stuart et al. 2000) potential to obtain the tZ-λZ response of SWCNT under 
tension. Classical MD simulations are faster compared to first principle calculations 
as it approximates the atomic interaction using an inter-atomic potential energy 
function. Owing to the approximation, classical MD simulations are less accurate 
compared to first principle calculations. So, to ensure minimal loss of accuracy, the tZ-
λZ curves of SWCNTs obtained from MD simulations were compared with first 
principle calculation results reported by previous researchers. 
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     Engineering stress (tZ) is defined as tZ = P/A0 where A0 is the cross-sectional area 
of undeformed SWCNT modelled as a thin tube and A0 is taken as the product of the 
perimeter of tube (D) and unit thickness (h = 1). The stretch (λZ) in the axial 
direction is calculated as λZ = (1+ΔT/L) and ΔT is the total end-extension of the tube. 
Typical tZ versus λZ curves for armchair and zigzag SWCNTs are displayed in Figure 
6.2. It is observed that the tZ-λZ response depends on the chirality of SWCNT but it is 
independent of L and D. This observation is also supported by the findings of Xiao 
and Liao (2002). 
 
Figure 6.2: tZ-λZ curves of zigzag (θ = 0
o
) and armchair (θ = 30o) SWCNTs. 
In Figure 2.4b, it was shown that with elongation, the interatomic force reduces 
nonlinearly. The nonlinearity of interatomic force is reflected in the tZ-λZ response of 
SWCNT. As a result, SWCNT shows a stress-softening response at strain beyond 
10%. In Figure 6.3, the tensile tZ-λZ behaviour of SWCNT predicted by AIREBO 
potential is compared with the tZ-λZ curves calculated by using the Density Functional 
Theory (DFT). The comparison study ratifies that the tZ-λZ response prior to fracture 
obtained from the present MD simulations is in good agreement (within ± 10 %) with 
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the tZ-λZ response predicted by DFT calculations. The λcr and tcr values predicted by 
quantum mechanical calculations are also close to the λcr and tcr values obtained from 
MD present simulations. The λcr and tcr values are tabulated for ease of comparison. 
The values of tcr and λcr calculated by using MD simulations (with AIREBO potential) 
are in good agreement with those obtained from DFT. However, beyond the critical 
point, the tZ-λZ response predicted by MD simulations shows a brittle type of fracture 
whereas DFT calculations demonstrate material instability due to softening. The 
significant difference in the response is due to the adoption of Dmax = 2.0 Å in 
AIREBO potential where Dmax is the maximum distance beyond which the covalent 
inter-atomic force becomes zero. However, it has to be emphasized that prior to 
fracture the tZ-λZ response of SWCNT calculated using MD simulations is in good 
agreement with first principle simulations. Hence, the MD simulation results (with 
AIREBO potential) are suitable for calibrating elastic constitutive model for SWCNT 
prior to fracture. Although DFT and MD simulations predict different tZ-λZ response 
of SWCNT but tcr and λcr values are close as shown in Table 6.2. 
Table 6.2: Comparison of tcr and λcr values of SWCNT calculated using MD and 










Ogata and Shibutani (2003) DFT with LDA ~1.25 ~38.5 
Troya et al. (2003) 
QM calculation with MSINDO ~1.28 - 
QM calculation with PM3 ~1.23 - 
Mielke et al. (2004) DFT with GGA ~1.30 ~37.4 
Present MD with AIREBO 1.23 37.1 
Zigzag 
Ogata and Shibutani (2003) DFT with LDA ~1.20 ~35.9 
Mielke et al. (2004) DFT with GGA 1.30 ~35.7 
Present MD with AIREBO 1.16 32.2 
QM = Quantum Mechanics, GGA = generalized gradient approximation, LDA=local 
density approximation. 
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Figure 6.3: Comparison of tensile tZ-λZ response of pristine SWCNT calculated 
via MD simulation with AIREBO potential (solid line), DFT by Ogata and 
Shibutani 2003 (solid square), DFT by Mielke et al. 2004 (open circle), DFT by 
Liu et al. 2007 (solid triangle), DFT by Kinoshita et al. 2013 (open square).  
(a) zigzag SWCNT (b) armchair SWCNT. 
     MD simulations are also performed on SWCNT under cyclical axial deformation 
to ensure no plastic deformation occurs during stretching. The tZ-λZ curve of SWCNT 
under cyclical deformation is depicted in Figure 6.4. Figure 6.4 demonstrates that for 
SWCNT the tZ-λZ path while loading is coincident with the unloading path. This 
observation implies that SWCNTs behave as a perfectly elastic material under axial-
deformation, with no mechanical hysteresis. Therefore, a nonlinear elastic model is 
sufficient to describe the material behaviour. 
 
Figure 6.4: tZ-λZ curve of armchair SWCNT under cyclic load. 
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Using 8.2 nm long DWCNT((15,15),(20,20)) as an example, Figure 6.5 displays that 
prior to rupture, the P-ΔT response of MWCNT  can be obtained by summing up the 
P-ΔT responses of the SWCNTs constituting the MWCNT. Hence, it shows that the 
P-ΔT response is independent of number of walls, so it implies that the inter-tube van 
der Waals interaction does not influence the P-ΔT response of MWCNT. However, λcr 
and tcr were found to decrease as the wall number increases. Therefore, prior to 
rupture, the P-ΔT response of MWCNT under homogeneous tensile stretch can be 
obtained by summing the P-ΔT responses of the SWCNTs constituting the MWCNT. 
 
Figure 6.5: Effect of wall number on P-ΔT response of CNT 
In the next sections two continuum models are proposed.  
6.3 Membrane-shell model of SWCNT 
The membrane-shell model contains material parameters that account for the θ-
dependent behaviour of SWCNTs under axial deformation. The kinematics of 
cylindrical membrane-shell under axial deformation is presented first. 
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6.3.1 Kinematics of axial deformation 
The reference stress-free state of SWCNT was approximated as a cylinder 
characterized by its D and L. In Figure 6.6, 1 2 3, ,  and E E E  represent unit vectors in 
the Cartesian coordinates. The covariant base vectors in reference and current 
configurations are G and g respectively, where  =, Z. In the deformed state, the 
cylinder was stretched by λZ and the resulting hoop stretch is λR. Please note that in 
Figure 6.6 the positive directions of stretches are displayed. 
 
Figure 6.6: Kinematics of cylindrical membrane-shell: (a) reference 
configuration, (b) deformed configuration of SWCNT. 
The position vector of a point A in the reference configuration is given by 
 1 2 3cos( ) sin( )  OA E E ER R Z   (6.1) 
Prior to the occurrence of rupture, the cylinder undergoes axisymmetric uni-axial 
deformation. Owing to the aforementioned reason and small thickness of SWCNT we 
can assume the deformed radius r =λR(λZ)R and the angular coordinate in the 
deformed state  = ϕ (Volokh and Ramesh 2006). Therefore, before the occurrence of 
buckling or rupture, the position vector Oa in the deformed configuration of the 
cylinder can be written as 
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    1 2 3cos( ) sin( )R Z R Z ZR R Z        Oa E E E  (6.2) 
Under uni-axial deformation, 
R  is a function of Z  and it is calculated from the 
equilibrium equation in the radial direction and traction boundary conditions. The 
deformation gradient F for the membrane-shell is given by (Bischoff et al. 2004, 
Budiansky 1968, Green and Zerna 1968, Gruttmann and Taylor 1992, Kyriacou et al. 
1996),  
 
    
      
    
Oa Oa Oa














 = G and G
Z
 = GZ are the base vectors and they are orthonormal (Green and 
Zerna 1968). Hence the components of Green Lagrangian strain tensor E in 







0 2 0 1
  
      
   







where I is the identity tensor. 
6.3.2 Constitutive relation 
Atomistic structure of a pristine SWCNT is composed of hexagonal lattice made of 
covalently bonded carbon atoms. One may embed a set of orthogonal vectors m1 and 
m2 in the hexagonal lattice as shown in Figure 6.7. These two vectors approximate the 
principal material directions in SWCNT. In this study, the SWCNT was modeled as a 
cylindrical tube made of an orthotropic material where the orthotropic directions 
coincide with axial direction GZ and hoop direction Gϕ respectively. This assumption 
is reasonable for armchair and zigzag SWCNT. Hence, the constitutive model was 
first calibrated for armchair and zigzag SWCNTs. For chiral tubes, the material 
direction rotates with θ and therefore this assumption is not valid. However, this 
assumption simplifies the constitutive model and further calculations. By using a 
proper interpolation, the material properties for chiral SWCNTs were interpolated 
based on the material properties of zigzag and armchair SWCNTs. Alternatively, 
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continuum theories for fiber-reinforced composite can be used to accurately model tZ-
λZ behaviour of chiral SWCNT (Holzapfel et al. 2000).  
 
Figure 6.7: Hexagonal lattice of SWCNT (a) zigzag (b) chiral (c) armchair. 
For an element of SWCNT (shown as ABCD in Figure 6.8) the strain energy density 
function W of SWCNT was written as 
 ( , , )ZZ ZW W E E E    (6.5) 
By splitting the strain energy density function, we obtain 
 1 2 3 4( ) ( ) ( , ) ( )ZZ ZZ ZW W E W E W E E W E       (6.6) 
where E  and ZZE  are the components of E in the axial direction and circumferential 
directions of SWCNT respectively, and the shearing component is ZE  . The first two 
terms of Equation (6.6) account for stretching in the axial direction GZ and hoop 
direction G respectively. The term W3 couples the stretching in the axial direction 
with the stretching in the hoop direction and vice versa. The last term W4 is a function 
of the shear strain. However, for homogeneous axial deformation there is no induced 
shear deformation. So, the strain energy density due to shear is absent i.e. W4 = 0. 
With the aid of MD simulation results the strain energy density W was approximated 
as 




1 2 3 4 5( ) ( ) ( ) ( ) ( )




W c c c c c E E

          (6.7) 
 
Figure 6.8: SWCNT (a) atomistic model (b) cylindrical shell model showing a 
continuum element ABCD. 









; using this definition the 
expression the non-zero components of S are 
 
4 5( ) ( ) ZZS c E c E

    
2 3
1 2 3 5( ) ( ) ( ) ( )
ZZ
ZZ ZZ ZZS c E c E c E c E        
(6.8) 
Note that for cylinders S
ij
 = Sij as the base vectors are orthonormal (Green and Zerna 
1968).  
For simple uni-axial deformation, S
ϕϕ
















   

        (6.9) 
where ( )  is the Poisson ratio as function of θ.  
By substituting Eϕϕ from Equation (6.9) into Equation (6.8), S
zz
 was derived. For 
SWCNT under tension, the expression of S
ZZ
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The first Piola-Kirchhoff stress tensor (nominal stress tensor) P is calculated as  
 
  .Z klR Z Z Z k lS

         P FS g G g G G G  
 kl ZR Z k l Z k Z lS G G

       g G g G  
(6.11) 
The state of stress satisfies equilibrium equations, Div P 0  and, also satisfies stress-
free boundary condition on the lateral surface. The traction vector at z = L is given by
. Zt P N , where Z Z
Z N G G is unit normal vector at Z = L in undeformed 
configuration. Thus, we get 
 . . 0 0
kl i Z kl i Z ZZ
k i l k l i Z Z R R Z ZS G S G G t t t S           t P N g G G g g g g g  (6.12) 
Therefore, under a homogeneous axial deformation, the tZ-λZ response of SWCNT is 
simplified as  
 
ZZ
Z Zt S  (6.13) 
where θ is the chiral angle and EZZ   the Green Lagrangian strain in the axial direction. 
6.3.3 Calibration of material parameters 
Equations (6.12) and (6.13) are combined to give 
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By calibrating against MD simulation results, the parameters in Equation (6.12) were 
determined for the entire armchair SWCNTs. The values of these parameters for all 
armchair SWCNTs were averaged to determine the final set of values for these 
parameters and they are presented in Table 6.3. 
Table 6.3: Parameters of SWCNT membrane-shell model (h = 1) 
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By assuming a value for h the parameter k1 can be related to E by the membrane-shell 
axial rigidity Eh = k1. It can be seen that depending on the loading direction, the 
values of k1 range from 294 GPa-nm to 356 GPa-nm. For comparison purposes, the 
values of Eh for SWCNTs reported by various researchers adopted from Sears and 
Batra (2004) are summarized in Table 6.4. Here we have only mentioned the E values 
calculated from either experiments or using first principle calculations. It is evident 
that the values of k1 are close to those obtained from experiments or first principle 
calculations. 
Table 6.4: E of SWCNT from experiment or first principle calculation 










Robertson et al. (1992) 
Local Density Functional 
Theory  
- ~0.34 ~1.06 ~360 
Krishnan et al. (1998b) 
Experimental investigation 
of vibration 
~300 0.34 ~1.25 ~425 
Lourie and Wagner (1998) Raman spectroscopy ~295 - 2.8-3.6 - 
Hern´Andez et al. (1998) 
Density Functional Theory 
(DFT) 
- 0.34 ~1.26 ~371 
Tombler et al. (2000) 3 point bending ~300 0.34 ~1.20 ~408 




Zhou et al. (2000) Electronic band theory - ~0.07 ~5.0 ~350 




Mielke et al. (2004) DFT - ~0.34 ~0.94-1.1 ~320-374 
Liu et al. (2007) DFT - ~0.34 ~1.05 ~351 




The references in this table are arranged chronologically 
The parameter c2 takes into account the stress-softening characteristic of SWCNT 
under tension. Under tensile deformation, the rate of stress-softening decreases with 
increasing strains which is taken care of by the coefficient c3. We observed that for 
chiral SWCNT the values of the parameter ci are be interpolated as given by (6.15). 
 
   
154 
 2 2( ) (0)cos (3 ) (30)sin (3 )s s s     (6.15) 
where θ is the chiral angle. s = k1, c2, c4, c5. 
     Stress-stretch responses of various chiral SWCNTs under tension are calculated 
using the parameters given by Equation (6.15). These tZ-λZ curves are compared with 
those calculated from MD simulations in Figure 6.9. 
 
Figure 6.9: Effect of chirality on tZ-λZ response of chiral SWCNTs under tension.  
From the comparison studies, it is evident that the proposed nonlinear membrane-
shell model can mimic the tZ-λZ response of SWCNT obtained from MD simulations. 
The analytical solution for tZ-λZ response of SWCNT under uniaxial-deformation can 
be used for quick calculations without running computationally intensive MD 
simulations. For example, by using parallel computation with 24 processors one needs 
almost 24 hours to obtain a quasi-static tZ-λZ response of SWCNT with 1600 atoms. 
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Whereas, the same tZ-λZ response can be obtained in few minutes via the proposed 
model. 
6.3.4 Advantages and disadvantages of membrane-shell model 
The constitutive model given by Equation (6.6) uses a split format that gives a 
simplistic representation of the nonlinear behavior of CNT. In the strain energy 
function the different terms represents different modes of deformation. Hence, each of 
these terms can easily be calibrated by conducting specific atomistic simulations. For 
instance, in this chapter the first three terms were calibrated using the MD simulation 
results of CNT under uni-axial deformation. Similarly, using the torque-twist 
response of SWCNT reported in Chapter 4, the last term W4 in Equation (6.6)can be 
obtained. Hence, this model is very simple and useful to obtain a 1-D nonlinear elastic 
beam representation of CNT. The nonlinear elastic beam model of CNT can be used 
to model the CNT fibers in CNT-based composites. However, it is not trivial task to 
study buckling of CNT using this model. Because, one has to add the flexural 
constitutive relation in the strain energy function given by Equation (6.6). Moreover, 
due to the motion of dislocations, inelastic deformation of CNT occurs on its surface. 
Modelling the inelastic behavior is not straight forward using the membrane-shell 
model.  
6.4 Hyper-elastic continuum model of CNT with softening 
The softening characteristic of SWCNT under tension restricts the maximum energy 
that can be stored by the material. In this section, we use the concept of hyper-
elasticity with softening (Volokh 2007) to develop a constitutive model for CNT 
under tension. A brief discussion of softening hyper-elasticity will be presented 
followed by the description of the continuum model for SWCNT.  
   
156 
6.4.1 Softening hyper-elasticity  
Softening hyper-elasticity concept was first introduced by Volokh (2007) to model 
material failure. In this approach, softening is governed by a constant cr, it is termed 
the critical failure energy density. This constant indicates the limiting strain energy 
density that can be sustained by a unit material volume before failure. Following this 
approach, the modified strain energy density function W  is written as 
 ( ) exp( / )cr cr crW W      (6.16) 
In Equation (6.16), W can be any strain energy density function used for material. In 
case of linear elasticity i.e. Hookean elasticity,    
2 2




 e e I e e  where λ 
and µ are Lame’s first and second parameters respectively and I is the second order 
identity tensor. The small deformation strain tensor is calculated from deformation 
gradient F as e = (F - I)/2 and apparently ( )W e  increases with increase in strain e. 
The strain energy density function ( )W  can capture the softening characteristic of 
material due the exponential decay function exp / crW    . This decay function 
gradually reduces ( )W  making it almost equal to cr  at very large strain. As the 
stress that is calculated by taking the gradient of ( )W  with respect to e, the stress 
also decreases with increase in e and becomes zero at very large strain.  
    SWCNT manifests nonlinear tZ-λZ response at moderate strain level < 25%. 
Therefore, we use the Saint-Venant Kirchhoff strain energy density function W  to 
take into account the effect of kinematics at moderate strains (Betsch et al. 1996). 
Saint-Venant Kirchhoff strain energy density function has the same form as W in 
Hookean elasticity but in the former case the Green-Lagrange strain (E) measure is 
used instead of e. Hence the strain energy density function for SWCNT is given by  
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( ) exp( ( ) / )cr cr crW    E E  
2 2( ) / 2 tr( ) tr( )W   E E E  
(6.17) 
where,   /2 TE F F I and I = second order identity tensor. tr(E) = E:I, 
2tr( ) :E E E . 
For homogeneous uni-axial deformation of a 3-D solid cylinder, the position vector a 
point in undeformed or reference state is  
 1 2 3cos( ) sin( )r r Z   OA E E E  (6.18) 
In the deformed state, the vector OA becomes Oa 
    1 2 3cos( ) sin( )r Z r Z Zr r Z        Oa E E E  (6.19) 
Unlike the cylindrical membrane-shell model described in Section 6.3 for a 
cylindrical solid shell there are three general coordinates with axial direction (Z), 
radial direction (r), and circumferential direction (). Therefore, the deformation 
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   r Zr Z r r Z Z Z

         g G g G g G  
(6.20) 






















        
      
E F F I  (6.21) 
where I = identity tensor. 
The components of S are 
 




   

S E G G
E
 
 tr( ) 2 exp( ( ) / )cr i jW    E E E G G  
(6.22) 
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So we obtain,  




   

S E G G
E
 (6.23) 
By applying the boundary conditions for a simple uniaxial deformation (Batra 1976), 
we have S
ϕϕ
 = 0, and from plane-stress boundary condition S
rr
 = 0. Thus, we obtain 
   2 exp( ( ) / ) 0 rr rr ZZ rr crS E E E E W          E  (6.24) 
   2 exp( ( ) / ) 0rr ZZ crS E E E E W            E  (6.25) 
 
0 / 2 / ( )RR RR ZZS S E E E

           
Since, exp( ( ) / ) 0crW  E . 
(6.26) 
Hence the axial stress S
ZZ
 is given by 
  2 2 exp( ( ) / )ZZ ZZ rr crS E E E W        E  (6.27) 
 1 2 exp( ( ) / )
ZZ





       
  
E  (6.28) 
 
(2 3 )
exp( ( ) / )
( )
ZZ







E  (6.29) 
The non-zero traction at the end of cylinder is 
 
(2 3 )
exp( ( ) / )
( )







E  (6.30) 
Analogous to the definition of Lames’s parameter at small strain we define the 
Lame’s parameter at finite strain as 
 ,







It was reported that the tensile tZ-λZ response of SWCNT depends on herefore, the 
material parameters to be used with the continuum model need to be functions of  
Using  = 0.19 (same as that used for CNT under compression), the material 
parameters E and cr  were calibrated as function of θ as given next.  
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2 228sin(3 ) 209sin (3 ) 287cos (3 )E       
o o 210.4 0.2669( 30 ) 0.005( 30 )cr         
(6.32) 
where, θ is in degree, E is in GPa, and cr = is in nN-nm
-2
. 
These functions are also plotted in Figure 6.10.  
 
Figure 6.10: Variations of E and cr with respect to θ. 
In Figure 6.11, we compare the tZ-λZ response of zigzag SWCNT obtained from the 
proposed continuum model with those reported previously. It can be seen that the tZ-
λZ response of zigzag SWCNT predicted by the proposed continuum model is in 
better agreement with those reported by first principle calculations and Belytschko et 
al. (2002). Evidently, beyond 112% stretch the continuum model start to 
underestimate the tZ-λZ response compared to that given by first principle calculations. 
This underestimation is because we used AIREBO which is a classical inter-atomic 
potential and classical interatomic potential cannot accurately capture the atomic 
interaction when the inter-atomic distance becomes large. However, below 112 % 
stretch, the continuum model gives tZ-λZ response of SWCNT close to first principle 
calculation results and MD simulation results.  
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Figure 6.11: Comparison of tZ-λZ response of zigzag SWCNTs using the proposed 
continuum model (with 10 % error zone shown as shaded yellow area) and other 
shell theories. DFT calculations are shown as scattered plots.  
From the proposed hyper-elastic model, tZ-λZ curves of various SWCNTs were 
obtained. These were compared with the MD simulation results. Sample comparisons 
are reported in Figure 6.12. It is evident that the softening hyper-elastic model gives a 
good estimate of tZ-λZ response that is close to MD simulation results. Unlike the 
previous membrane-shell model, the softening hyper-elastic model cannot exactly 
mimic the MD tZ-λZ response of SWCNT but the hyper-elastic model is more versatile 
as it can be very easily extended to incorporate temperature and other effects such as 
hydrostatic pressure that will be discussed in the subsequent sections.  
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Figure 6.12: Comparison of  tZ-λZ response calculated using MD (broken line) 
with St. Venant’s Softening hyper-elasticity model (solid line) for various θ. 
6.4.2 Thermal effect 
Pristine SWCNT remains elastic at temperatures below 1800 K (Li et al. 2005, 
Nardelli et al. 1998). So far, the atomistic-shell theory is the only continuum model 
that has been extended to incorporate thermal effect on mechanical response (Jiang et 
al. 2005). This method uses local harmonic approximation to incorporate thermal 
effect on total Helmholtz free energy of the atomic system. This approach can 
accurately capture the thermal effect on constitutive relation, but this method is not 
easy to implement for SWCNT due to the computational complexity of calculating 
phonon vibration frequencies and the gradient of phonon vibration frequencies with 
   
162 
respect to strain tensor that are needed to get the temperature-dependent constitutive 
relation using local harmonic approximation. In this section, we demonstrate that the 
proposed continuum model can easily be extended to incorporate thermal effect. The 
thermal energy contributed by temperature (T) reduces cr and thereby promoting 
material instability in SWCNT at a lower tZ or λZ. Previously, cr was estimated at 1 
K and therefore at a higher cr is approximated by 
 1( 1)
T
cr cr T     (6.33) 
where cr is given in Figure 6.10 and T is the temperature in Kelvin. 
     From tZ-λZ response of SWCNT(15,15) at 300 K, the coefficient 1 was 
determined to be 0.0025 nN-nm-K
-1
. In Figure 6.13 to Figure 6.15, the MD simulation 
results are compared with the tZ-λZ responses of SWCNT(15,15) , SWCNT(22,7) , and 
SWCNT(26,0) calculated at T = 300 K, 600 K, and 900 K using St. Venant softening 
hyper-elasticity. The use of this model at very high temperature ( 1800 K) is 
prohibited as at high temperature defect will start to form giving rise to plasticity 
(Nardelli et al. 1998, Yakobson and Avouris 2001, Zhang and Lu 2007). Moreover 
the temperature beyond which the CNT behaves in-elastically also depends on the 
presence of defect.  
 
Figure 6.13: Comparison of temperature effect on tZ-λZ response of 
SWCNT(15,15) with θ =30o  calculated using (a) MD (dashed line) and (b) 
softening hyper-elasticity (solid line). 
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Figure 6.14: Comparison of temperature effect on tZ-λZ response of 
SWCNT(22,7) with θ =13.4o  calculated using (a) MD (dashed line) and (b) 
softening hyper-elasticity (solid line). 
 
Figure 6.15: Comparison of temperature effect on tZ-λZ response of 
SWCNT(26,0) with θ =0o  calculated using (a) MD (dashed line) and (b) softening 
hyper-elasticity (solid line). 
From Figure 6.13 to Figure 6.15, it can be concluded that the finite-temperature tZ-λZ 
response of SWCNT predicted by St. Venant softening model is in good agreement 
with MD simulation results.  
6.4.3 Effect of hydrostatic pressure 
SWCNT embedded inside fluid or a composite material experiences hydrostatic 
pressure due to surrounding material mass. At a low value of hydrostatic pressure, the 
SWCNT cross section remains almost circular. However with increase in lateral 
pressure SWCNT cross section undergoes an ovalization leading to collapse of the 
circular cross section into a peanut shaped cross section (Cerqueira et al. 2014, 
Gadagkar et al. 2006, Tang et al. 2000). The pressure (pcr) at which the geometrical 
instability occurs reduces with increasing SWCNT D (Cerqueira et al. 2014). We 
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assumed the hydrostatic pressure is lower than pcr and therefore the SWCNT is almost 
circular in an undeformed configuration. Assuming the SWCNT as a thin cylinder the 
state of stress is a plane stress condition so S
r 
= 0 where   = r,, and Z. Therefore 
from S
rr
 = 0 we obtain  / ( 2 )rr ZZE E E      . For thick cylinder, the 
assumption of plane-stress under hydrostatic pressure is invalid, but as the h of 
SWCNT is very small this assumption is applicable. Under hydro-static pressure, to 
analyze SWCNT under hydrostatic pressure we assumed the deformation takes place 
in two stages (1) hydrostatic deformation and (2) subsequent tensile deformation. 
 Stage 1: hydrostatic deformation under lateral pressure p0 
For a cylindrical shell undergoing homogeneous radial deformation in plane stress 
condition, the position vector OA of a point A in reference configuration is given by 
Equation (6.18). Assuming the cross-section remains circular, the deformed vector in 
current configuration is 
 1 1 1 2 1 1 3cos( ) sin( ) ( )r r z rr r Z       Oa E E E  (6.34) 
Note that the extra subscript 1 denotes stage 1 deformation. 
The deformation gradient is same as that for membrane-shell given by Equation (6.3) 











    
      
    
Oa Oa Oa
F g G g G
OA OA OA
 (6.35) 
Therefore, the strains are 
      2 21 1 1 1 11 / 2; 1 / 2; / ( 2 )ZZ Z R rr ZZE E E E E              (6.36) 
The stress free boundary conditions along the ends of cylinder are 
1 0.
ZZP   By 
invoking
1 0ZZP   , we can write 
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 1 1/ 2 / ( )ZZE E       (6.37) 











  (6.38) 
The plane stress condition gives P1rr = 0 and r  R . As the cylinder is thin undergoing 
homogeneous deformation we get 
1 0 /P p R h   . 











hP Rp E W p R 
   
 

     

E  (6.39) 


















   

E  (6.40) 
The above equation is a nonlinear equation that needs to be solved iteratively to get 
1R. In Stage 2, the stretches in SWCNT are 2 ,R and 2Z . The deformation gradient F 
of this combined process is 2 1F F F  (Lubarda 2004). 
 2 1 2 2 1 1diag( , ).diag( , )r Z r Z    F F F  (6.41) 
where 
1 1diag( , )R Z  is a 3x3 diagonal matrix with 1Z, and 1R as diagonal elements. 
The Green Lagrangian strain for this combined deformation is  
  T T1 2 1 1/ 2   E F F I F E F E  (6.42) 
From Equation (6.42), the strain components are given by 
 
2 2 2
1 1 2( 1) / 2 ( 1) / 2;r r rE        
2 2 2
1 1 2( 1) / 2 ( 1) / 2;ZZ Z Z ZE        
 / ( 2 )RR ZZE E E       
(6.43) 
In the combined deformation stage, the non-zero stresses are , and .ZZP P Moreover, 
the consideration of equilibrium in the radial direction gives 
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   0
0
2











       
E  (6.44) 
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      
  
     
  
E  (6.47) 
Similarly, nonzero traction tZ at the end of cylinder is given by 
 
4 ( ) 2
exp( ( ) / )
2 2
Z Z ZZ crt E E W
   

   
 
      
E  (6.48) 
Equations (6.47) and (6.48) are coupled nonlinear equations. Hence, we have adopted 
an iterative scheme to obtain the tZ-λZ response of SWCNT under different hydrostatic 
pressures p0. For each increment of λ2Z, Equation (6.47) was solved using the Newton-
Raphson method to get λ2R which was then used to calculate tZ. For armchair 
SWCNT, the effect of p0 on tZ-λZ response is shown in Figure 6.16, where positive p0 
denotes hydrostatic compression on the wall of SWCNT. From Figure 6.16, it is 
evident that for p0 << pcr, the tZ-λ2Z response of SWCNT is almost unaffected by p0.  
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Figure 6.16: Effect of positive p0 on tZ-λZ response of SWCNT (10,10). For 
SWCNT(10,10) pcr  4GPa (Cerqueira et al. 2014). 
6.4.4 Advantages and disadvantages of hyper-elastic continuum model 
A nonlinear constitutive model of CNT was proposed based on the concept of 
softening hyper-elasticity proposed by Volokh (2007). This constitutive can easily 
handle the stress-softening response of SWCNT. The constitutive relation is also able 
to incorporate thermal effect and the effects of hydro-static pressure. The nonlinear 
constitutive relation proposed in the previous section can easily be embedded in first 
order shear deformable shell theory to analyze CNT. Dislocation theories can be used 
to incorporate plastic deformation of CNT in this constitutive model. Although this 
model gives good prediction of tZ-λZ but the source of nonlinearity is due to cr that 
accounts for material failure such as breaking of bonds. However, the actual source of 
non-linearity in CNT is nonlinear material response. Hence, this concept is not 
physically accurate. To obtain an accurate model for CNT under tension using this 
proposed approach one may use different strain energy function forW  such as Blatz-
Ko constitutive relation given by Equation (8.25) in the reference Beatty (1987). Then 
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use the softening hyper-elasticity approach to incorporate the damage occurring in 
CNT.  
6.5 Summary and Conclusions 
From extensive MD simulation results using the AIREBO potential, it is found that 
single walled carbon nanotubes (SWCNTs) display nonlinear elastic tZ-λZ response 
with stress-softening under tensile deformation. To ensure minimum loss of accuracy, 
the tZ-λZ response predicted by MD simulations were compared with first principle 
calculation results. From the comparison studies, we found that tZ-λZ response 
predicted by MD simulations are close to first principle calculation results up to a 
strain level of 22% for armchair, and 16% for zigzag tube. Prior to the occurrence of 
fracture, the tZ-λZ curves agree well with first principle calculation results. From MD 
simulation results, we ascertain that tensile tZ-λZ response is unaffected by D and L, 
but the response depends on θ of SWCNT. We also demonstrated that tZ-λZ response 
of MWCNT under homogeneous tensile deformation in unaffected by inter-tube van 
der Waals forces. Therefore tZ-λZ curve of MWCNT can be obtained by summing up 
the tZ-λZ curves of SWCNTs that constitute the MWCNT. 
     Two continuum models were proposed for analyzing the tZ-λZ response of pristine 
CNT. The first continuum approach modeled SWCNT as a membrane-shell. The 
nonlinear constitutive relation of the membrane-shell was calibrated using MD 
simulation results. We ratified that the membrane shell model can closely mimic the 
tZ-λZ curve of chiral SWCNT obtained from MD simulation results.  
     In the second continuum approach the pristine SWCNT was approximated as a 
thin cylindrical shell made of Saint Venant Kirchhoff material with softening hyper-
elasticity (Volokh 2007). The concept of hyper-elasticity with softening (2007) was 
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used to develop a continuum shell model for CNT under tension. By assuming  = 
0.19, the E and critical failure energy density 
cr  were calibrated against MD 
simulation results. These quantities may be expressed as empirical functions of chiral 
angle θ given as follows 
 
2 2( ) 28sin(3 ) 209sin (3 ) 287cos (3 )E        
o o 2( ) 10.4 0.266( 30 ) 0.005( 30 )cr          
(6.49) 
where θ is in degrees. 
      It is affirmed that tZ-λZ response calculated using the continuum theory is in good 
agreement with MD simulation results. The proposed continuum model was also 
extended to incorporate the temperature (T) effect by modifying ( )cr   to read as  
 ( , ) ( ) 0.0025( 1)
T
cr crT T      (6.50) 
where, T is the temperature in Kelvin. 
      The tZ-λZ response of SWCNT predicted by the temperature dependent continuum 
model are also in excellent agreement in MD simulation results. However, this 
continuum model is not applicable at very high temperatures beyond which pristine 
CNTs manifest inelastic mechanical response (Yakobson and Avouris 2001). 
Proposed hyper-elastic continuum model can also be easily applied to study the tZ-λZ 
response of SWCNT under hydrostatic pressure. Hence, this continuum model is 
suitable for analyzing non-linear elastic the tensile response of CNT without any 
defect. But the concept of softening hyper-elasticity is actually used for modelling 
damage in material. So, this model needs to use a different strain energy function for 
W to accurately model the nonlinear elastic constitutive response of CNT under 
tension. 
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Chapter  7  
Modal analysis of CNT 
Vibration mode-shapes and frequencies of SWNCT are calculated using time domain 
decomposition Operational Modal Analysis (OMA) that is usually used for estimating 
modal properties of building, bridges, machines, and aerospace structures 
[Alejandro, 2012]. The OMA analysis consists of three stages: (i) calculate auto-
correlation function and obtain the Fourier spectrum, (ii) calculation of the modal 
frequencies by peak picking method, (iii) filter the time history around the modal 
frequency and perform singular value decomposition to get the mode shape. A 
FORTRAN code is developed to determine the modal frequencies and mode shapes 
from molecular dynamics trajectory. The modal frequencies calculated using MD are 
compared with thick shell solutions. 
7.1 Calculation of vibration frequency from MD simulation 
Collective periodic motion of group of atoms is known as phonons. Mechanical, 
thermal, electrical and optical properties of CNT are affected by the phonon vibration 
frequencies and corresponding wave vectors (Baroni et al. 2001, Dresselhaus and 
Eklund 2000, Dresselhaus et al. 2004) etc. The frequencies of stationary phonon 
modes are similar to the modal frequencies i.e. eigenvalues of structural systems. 
There are two approaches of calculating the vibration frequencies of CNT. 
Conventional approach is to construct the Hessian matrix for a given atomic 
configuration, then perform eigenvalue analysis to calculate the frequencies and mode 
shapes (Arghavan and Singh 2011, Batra and Gupta 2008, Gupta and Batra 2008, 
Gupta et al. 2009). Construction of the Hessian matrix involves taking second 
gradient of the interatomic potential energy function. For simple interatomic potential, 
the Hessian matrix can be derived analytically. However, for complicated interatomic 
potentials the finite difference scheme is usually adopted to get the Hessian matrix. 
For large system and for complicated inter-atomic potential such as AIREBO it is 
very computationally intensive to construct the Hessian matrix. Moreover, this 
method cannot consider thermal effect because the construction of Hessian matrix is 
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temperature independent. However, depending on temperature all the vibration modes 
may not be active in CNT but eigenvalue analysis cannot detect the active modes. 
Alternate approach is to use modal analysis technique (Brinker et al. 2000, Fu and He 
2001, Yusaf 2007) to determine the modal frequencies and mode shapes from atomic 
trajectories obtained from MD simulations. Chang (2013) used modal analysis to 
determine the vibration frequencies of SWCNT that display beam like vibration 
modes. Earlier, Martinez et al. (2006) also proposed a similar method. Modal analysis 
also known as normal mode analysis is also used for bio-molecules (Kaledin et al. 
2004), argon gas (Pang and Neuhauser 1996) and these methods are popularly known 
as normal mode analysis.  
    In this chapter we will use the modal analysis technique to get the vibration 
frequencies and mode shapes of SWCNT. There are various modal analysis 
techniques; we have adopted the time domain decomposition (TDD) operational 
modal analysis (OMA) approach (Odeja 2012) to extract the modal information of 
CNT from atomic trajectories obtained from MD at 1 K. The steps of TDD are 
presented in next section.  
7.2 Operational modal analysis using TDD 
The theoretical background to TDD is briefly discussed first followed by the steps to 
implement the procedure.  
7.2.1 Theoretical background 
Let us assume the CNT consists of N atoms hence in a 3-D space total number of 
translational degrees of freedom are NDOF = (3N-Nrestrained), where Nrestrained = 
restrained degrees of freedom.  The atomic displacements can be arranged in a 
column vector q having dimension 3NDOF. The displacement of CNT is expanded as   










 q ψ  (7.1) 
where, n and n are eigenvector and eigenvalue corresponding to n
th
 mode.  
The vector q is obtained from MD simulation trajectories.  The response matrix [R] is 
defined as [R] = Tqq . Using Equation (7.1) we wrote the response matrix [Rn] for n
th
 
mode in matrix notation as 
     
T
n n n n n R ψ ψ  (7.2) 
We dropped t for the convenience of writing these equations. Due to orthogonality of 
eigenvectors Equation (7.2) reduces to  
      2
T
n n n n   R ψ ψ  (7.3) 
By using singular value decomposition on R 
      
T
n n n nR U S V  (7.4) 
The Sn matrix contains the eigenvalues of [Rn] arranged in descending order; [Un] 
contains the eigenvectors for different eigenvalues; [Vn] contains transposed 
eigenvectors. For a noise-free time history all elements of [Sn] will be zero except 
Sn(1,1) that will be equal to 
2
n . The only non-zero column vector  [ (:,1)]n nU ψ
gives the mode shape of CNT. 
7.2.2 Steps in OMA using TDD and its implementation 
MD simulations were carried out on SWCNT using AIREBO potential with a time 
step of 0.002 ps at 1 K. In the MD simulation, 3 layers of atoms at both ends of 
SWCNT were restrained in position. In this case, prior energy relaxation using 
conjugate gradient is not needed. The system gets relaxed through MD simulation. 
During relaxation, the atoms in CNT starts vibrating about its equilibrium position. 
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Alternatively, the CNT can be perturbed with external displacement and then relaxed 
using MD simulation to obtain the trajectories. To demonstrate that the 
aforementioned two approaches give the same vibration modes and frequencies a case 
study is reported in section 7.3.1.  After the completion of MD simulation, the 
trajectories of unrestrained CNT atoms were collected at an interval of 0.05 ps for M 
steps. As a requirement of FFT the number of steps M has to be equal to 2
k 
where k is 
an integer. If M is small the auto-correlation spectrum will not reveal all the active 
vibration modes. However, M cannot be very large either as it becomes 
computationally intensive. We observed that for all the SWCNTs studied herein 
M=2
12
 is suitable. From FFT, the auto-correlation spectrum of the atomic trajectory 
was obtained. The resolution of auto-correlation spectrum is increased if the recording 
interval is increased. However, when the recording interval is increased the total 
simulation time becomes longer. We found that 0.05 ps recording interval is 
sufficient. Then peak picking method was employed to get the modal frequencies n. 
Once n were obtained, a Butterworth band-pass filter of order 10 was formed around 
n. The atomic trajectories were screened by the band-pass filter so that the filtered 
trajectory contains only the frequencies close to n. Then [Rn] matrix was constructed 
and SVD was performed on [Rn] to get the mode-shapes. Note that the number of 
non-zero columns in [Un], [Vn], and non-zero elements in [Sn] will depend on the 
width of the filter. In our calculation we used window size of 0.6n but a smaller 
window size can also be adopted if n can be very accurately determined. It was 
observed that computation time for SVD gets reduced if n could be determined very 
accurately. TDDOMA method was implemented in a FORTAN90 code. This code 
reads the nodal displacement time histories and performs Fourier transform using FFT 
routines available in DFFTPACK library (Swarztrauber 1982). Auto-correlation 
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spectrum was obtained and the peaks in power spectrum were automatically located. 
The Butterworth band pass filter written by David R. Russell (2004) was used to filter 
the time histories at desired modal frequencies. From the filtered time histories the 
response matrix [Rn] was calculated. The multiplication routine DGEMM available in 
DFFTPACK library was used to carry out all the matrix multiplications required to 
construct [Rn]. After that, singular value decomposition was performed using 
DGESVD subroutine to get the mode shapes. The first column in [Un] matrix was 
taken as the mode shape. 
7.3 Modal analysis of CNT 
This section presents modal analysis results of CNT using TDDOMA. The vibration 
frequencies and mode shapes of SWCNT(10,10) with aspect ratio ranging from 2-10 
are reported. Then the effect of L, D and θ on vibration frequencies and mode shapes 
of SWCNT are studied.  
7.3.1 Comparison of two different approaches for calculating vibration 
frequencies 
Two different approaches are used to calculate the vibration frequencies and the mode 
shapes from MD simulation trajectories. In the first approach the geometry of 
SWCNT is relaxed in a thermal environment by using MD simulations. In the second 
case, the SWCNT was perturbed by small transverse deformation. Then the system 
was relaxed using MD. The power spectral densities for these two cases are shown in 
Figure 7.1. As we have mentioned before, depending on the type of excitation, all 
modes of vibrations may not be active. Hence, the power spectra for these two cases 
are not similar. However a few vibration modes are active in both cases, some of 
those are marked in Figure 7.1.  
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Figure 7.1: Comparison of power spectral density plots for (a) CNT with initial 
transverse perturbation at the mid-section. (b) CNT without initial perturbation. 
For these vibration frequencies, the mode shapes are also found to be similar. For 
instance, few of the vibration modes are shown in Figure 7.2 and Figure 7.3.  
 
Figure 7.2: Comparison mode shape for modal frequency 0.95 THz for (a) CNT 
with initial transverse perturbation at the mid-section. (b) CNT without initial 
perturbation. 
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Figure 7.3: Comparison mode shape for modal frequency 3.17 THz for (a) CNT 
with initial transverse perturbation at the mid-section. (b) CNT without initial 
perturbation. 
7.3.2 Vibration modes of SWCNT 
Figure 7.4 illustrates the power spectral density (PSD) plot for 2.8 nm long 
SWCNT(10,10). In this figure, the location of first mode is designated by number 1 
and the peaks consecutive to the first one represent higher modes of vibration. 
However, in this work a mode denoted by number 2 may not be the second mode of 
vibration of SWCNT because TDDOMA is only capable to show the active modes of 
vibration. The vibration mode shapes of SWCNT were extracted at the modal 
frequencies using singular value decomposition. For instance, the auto-correlation 
spectrum, vibration frequencies, and vibration modes of 2.8 nm long SWCNT(10,10) 
are displayed in Figure 7.4 and Figure 7.5 respectively. Similarly the first three mode 
shapes and frequencies of 5.5 nm and 8.2 nm SWCNT(10,10) are also presented in 
Figure 7.6 and Figure 7.7 respectively. It is noticeable that similar to cylindrical shell 
the modal frequencies and mode shapes are functions of L/D. 
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Figure 7.4: PSD plot for 2.8 nm long SWCNT(10,10). 
 
Figure 7.5: First three mode shapes of 2.8 nm long SWCNT(10,10) obtained from 
TDDOMA analysis (f is the modal frequency). 
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Figure 7.6: First three mode shapes of 5.5 nm long SWCNT(10,10) obtained from 
TDDOMA analysis (f is the modal frequency). 
 
Figure 7.7: First three mode shapes of 8.2 nm long SWCNT(10,10) obtained from 
TDDOMA analysis (f is the modal frequency). 
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The modal properties of SWCNT having different D but same L are shown Figure 
7.5, Figure 7.8, and Figure 7.9.  
 
Figure 7.8: First three mode shapes of 2.8 nm long SWCNT(15,15) detected by 
TDDOMA analysis (f is the modal frequency). 
 
Figure 7.9: First three mode shapes of 2.8 nm long SWCNT(20,20) detected by 
TDDOMA  analysis (f is the modal frequency). 
From Figure 7.5 to Figure 7.7 it is visible that, for armchair SWCNT with constant D, 
f decreases with increase in L. Similarly, f also decreases with increase in D for 
armchair SWCNT with constant L. Effect of θ on f was examined on chiral SWCNTs 
with the same L/D.  Please refer to Figure 7.10 for example.  
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Figure 7.10: Comparison of modal frequencies of 4 nm long SWCNTs with 
different θ (a) SWCNT (15,15), θ = 30.0o. (b) SWCNT (18,12), θ = 23.4o. (c) 
SWCNT (21,8), θ = 15.5o. (d) SWCNT(24,4), θ = 7.6o. (e) SWCNT(26,0), θ = 0.0o.  
With reference to Figure 7.10, the statistics of variation of vibration frequencies of 
chiral SWCNTs are reported in Table 7.1. 
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Vibration frequency (THz) 
nR  = 2 nZ  = 1 nR  = 3 nZ  = 1 nR  = 4 nZ  = 1 nR  = 4 nZ  = 2 
(15,15) 30.00 0.703 0.718 1.074 1.377 
(18,12) 23.41 0.669 0.698 1.055 1.333 
(21,8) 15.49 0.649 0.708 1.079 1.348 
(24,4) 7.59 0.620 0.693 1.074 1.328 
(26,0) 0.00 0.630 0.708 1.094 1.353 
Average (THz) 0.654 0.705 1.075 1.348 
SD (THz) 0.020 0.010 0.020 0.010 
Covariance 3 % 1 % 1.5 % 0.8 % 
nR = Number of circumferential half waves; nZ = number of longitudinal half waves 
(Leissa 1993). SD = standard deviation. 
Interestingly, for chiral SWCNT with similar L and D the covariance of vibration 
frequencies are within 0.8-3 %. Hence, it is evident that vibration frequencies of 
SWCNTs do not vary significantly with θ. 
7.3.3 Thick shell model 
In this section, we use thick shell theory to calculate the vibration modes and 
frequencies of SWCNT and compare these values with those obtained from 
TDDOMA. The equilibrium equations for vibrating thick cylindrical shell (Asadi and 
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In Equation (7.5), the barred quantities ( =1,2,3)
i
I i are the inertia terms that are 
calculated as  
  












I z dz 

   
 
(7.6) 
where,  is the density of the material. 
SWCNT is made of carbon atoms of mass 1.99x10
-26
 kg (Yan et al. 2013). For 
calculating , we assumed that the total mass of all carbon atoms in SWCNT is 
uniformly distributed over a cylindrical shell having thickness h = 0.066 nm and D. 
We calculated  for SWCNTs of various D and L that are tabulated in Table 7.2.  It 
was observed that for a given D the  decreases with increase in L. However the 
average value of  is 11726 kg/m3 and the corresponding covariance is 1 % which is 
small. Therefore, we assumed constant  in the shell analysis.  
Table 7.2: Mass densities of various SWCNTs 















5 5 160 1.84 12334.6 20 20 880 2.57 12100.0 
500 6.00 11799.0 4000 12.1 11700.0 
1220 14.83 11658.6 7280 22.2 11700.0 
10 10 680 4.04 11913.4 10 0 360 3.75 11800.0 
1200 7.23 11800.0 680 7.15 11700.0 
2440 14.8 11700.0 800 8.42 11700.0 
11280 69.0 11600.0 16 0 704 4.60 11700.0 
15 15 840 3.31 12000.0 1088 7.15 11700.0 
2340 9.44 11700.0 1472 9.69 11600.0 
4140 16.8 11600.0 26 0 1560 6.3 11700.0 
16296 66.4 11600.0 2496 10.1 11600.0 
     3536 14.4 11600.0 
Modal eigenvalue vibration analysis of armchair SWCNTs were performed in in 
ABAQUS using  = 11726 kg/m3, E = (3.19+3.15 D-0.37) TPa which is same as that 
given in Chapter 5,  = 0.19, and h = 0.066 nm. For the ease of comparison, the 
vibration mode shapes and frequencies of 4.0 nm SWCNT(15,15) calculated using 
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MD and shell theory are shown in Figure 7.11. Vibration frequencies of armchair 
SWCNT with thick shell results are given in Table 7.3.  
 
Figure 7.11 Mode shapes and modal frequencies of 4.0 nm long SWCNT using 
(a) TDDOMA and (b) thick shell theory. 
Table 7.3: Comparison of vibration frequencies of SWCNT using of thick shell 
and MD 
SWCNT nR nZ 
f 
 (THz) 











2 1 1.079 1.066(1.2) 2.8 nm 
SWCNT(15,15) 
3 1 0.957 0.878(8.3) 
3 1 1.357 1.346(0.8) 4 1 1.216 1.125(7.5) 
2 2 2.085 2.080(0.2) 3 2 1.699 1.591(6.4) 
5.5 nm 
SWCNT(10,10) 
2 1 0.547 0.541(1.1) 4.0 nm 
SWCNT(15,15) 
2 1 0.703 0.686(2.4) 
2 2 0.952 0.930(2.3) 3 1 0.718 0.662(7.8) 
3 1 1.313 1.169(11) 4 1 1.074 1.014(5.6) 
8.2 nm 
SWCNT(10,10) 
2 1 0.452 0.444(1.8) 4 2 1.177 1.091(7.4) 
2 2 0.623 0.604(3.0) 2 2 1.387 1.361(1.9) 
3 1 1.123 1.147(2.1) 5 1 1.602 1.561(2.6) 
 2.8 nm 
SWCNT(20,20) 
4 1 0.923 0.791(14.3) 
5 1 1.133 1.002(11.6) 
RBM 1 2.485 2.538(2.1) 
nR is the number of circumferential half waves; nZ is the number of longitudinal half 
waves (Leissa 1993), RBM is radial breathing mode. Quantity in bracket ( ) represents 
% deviation with respect to MD. 
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Comparing the MD and thick shell results, we observed that except for very few cases 
the f values predicted by shell theory are close to MD simulation results within 10% 
with MD simulation results. 
7.4 Summary and Conclusions 
A time domain operational modal analysis technique was proposed to evaluate mode 
shapes and modal frequencies of SWCNTs from MD simulation. MD simulations 
were performed at 1 K using AIREBO potential. Auto-correlation spectrum was 
obtained from the atomic trajectories collected from MD simulation results. The 
modal frequencies were determined using peak picking method. Using Butterworth 
band pass filter the atomic trajectories were screened at these modal frequencies. 
Response matrix was constructed from the filtered atomic trajectories. By performing 
singular value decomposition of the response matrix the mode shapes were 
determined. We observed that vibration modes of SWCNT are similar to the vibration 
modes of cylindrical shells having the same D and L as the SWCNT. It is also noticed 
that θ of SWCNT does not significantly influence the vibration frequencies of 
SWCNT. Hence, chiral SWCNTs having the same D and L have same vibration 
frequencies. Thick shell theory was used to calculate the vibration frequencies of 
SWCNTs. Since vibration frequencies are not affected by θ we used E = (3.19+3.15 
D
-0.37
) TPa that was also used in compressive buckling of armchair SWCNT. In the 
thick shell model vibration frequencies and mode shapes were calculated using  = 
11726 kg/m
3
,  = 0.19, and h = 0.066 nm.  It is observed that except for few scenarios 
the vibration frequencies and mode shapes of armchair SWCNTs estimated by thick 




Chapter  8  
Conclusions and Future Studies 
Summary and conclusions of this thesis are presented in this chapter. Suggestions for 
future studies are also given at the end of the chapter. 
8.1 Overall Summary and Conclusions 
The main objective of this thesis is to develop continuum models suitable for 
analyzing the CNT under uni-axial compression and tension, torsion, and vibration. In 
general, continuum models of CNT are calibrated from atomistic simulations. 
Existing MD simulation results for CNT under uni-axial compression and tension, 
and torsion are hitherto not sufficiently comprehensive. Moreover, in many cases 
discrepancies were observed in MD simulation results reported by different 
researchers. In this state, extensive classical molecular dynamics simulations were 
performed to generate large number of accurate benchmark results for CNT under 
uni-axial compression and tension, torsion and vibration.  
     The MD simulations were performed using the AIREBO potential. Radial 
breathing frequencies of SWCNT were calculated from MD simulations and we 
showed that these frequencies are very close to experimental results. We also showed 
that the tZ-λZ response of SWCNT predicted by MD simulation is close to first 
principle calculation result. Thus, from the abovementioned two comparison studies 
we established the suitability of AIREBO potential for CNT. Details of MD 
simulation technique and the effects of different simulation parameters on MD 
simulation were investigated in Chapter 2. The values of input parameters for MD 
simulations of SWCNT having length L  27.2 nm, are established through extensive 
case studies and they are listed next 
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 The AIREBO potential (Stuart et al. 2000) is used in MD simulation. 
 Temperature control is done using the Nosé-Hoover thermostat. 
 Numerical integrations are performed using the velocity-Verlet algorithm with 
an integration time step of 1 fs. 
 For tension and compression simulations, 0.1 m/s displacement rate was used.  
 Torsion simulations were performed using a twist rate of 0.025o/ps. 
 In MD simulations, 10 ps relaxation time was used for CNTs with length less 
than 13.6 nm.  
     MD simulation results for CNT under compression and torsion were reported in 
Chapter 3. From MD simulations, we found that prior to buckling the compressive 
stress (tZ)-strain (Z) response of SWCNT is nonlinear and it depends on chiral angle 
(θ) of SWCNT. Interestingly, the tZ-Z response of MWCNT is not affected by the 
inter-tube vdW interaction. However, critical compressive buckling load (Pcr) and 
compressive buckling strain (cr) of CNT depend on L, diameter (D), wall number, 
and θ of SWCNT. We found that Pcr and cr of zigzag SWCNT is greater than its 
armchair counterpart. For the first time, it is found that the effect of θ on Pcr and cr 
diminishes as L/D increases. For L/D > 15.0, the Pcr and cr values of SWCNT are 
almost unaffected by θ. 
     In Chapter 4 torsional response of CNT was studied using MD simulations. It was 
shown that the shear stress (τ) – shear strain () of SWCNT depends on D, L, and θ. In 
case of chiral SWCNT, the τ- also depends on twist direction because the carbon 
bonds are asymmetrically arranged on the surface of SWCNT and the force 
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deformation relation of carbon-carbon bond depends on the direction of loading on 
the bonds. The MD simulation results revealed that the shear modulus (G) of non-
chiral SWCNT depends on D. As D increases, the G of non-chiral SWCNT becomes 
almost equal to 240 GPa. The G of chiral SWCNT depends on twist direction too. 
Chiral SWCNT with θ   15.5
o
 has the highest G under clockwise torsion, but under 
anti-clockwise torsion this SWCNT has the lowest G.  Occurrence of torsional 
buckling is indicated by the degradation of the slope of torque (MZ) end rotation ( ) 
curve. The buckling torque (Mcr) and critical end-rotation (cr) of CNT depends on L, 
D, wall number, and θ of SWCNTs. For chiral CNTs, Mcr and cr depend on twist 
direction also. The Mcr and cr of chiral SWCNT under anti-clockwise torsion are 
greater than the Mcr and cr of chiral SWCNT under clockwise torsion. The τ-  
relation of CNT is not affected by number of walls, but the torsional buckling 
characteristics of CNT depend on wall number. For MWCNT, the Mcr increases with 
increase in wall number and cr decreases with increase in wall number.  
     In Chapter 5, we use the thick shell theory to analyze the compressive and 
torsional buckling of CNT. Since SWCNT displays a nonlinear response under 
compression, the E was calculated from the secant modulus of compressive axial load 
(P)-strain (Z) curve evaluated at the occurrence of buckling. Assuming Poisson’s 
ratio  = 0.19 and thickness h = 0.066 nm, the Young’s modulus (E) of armchair 
SWCNT was determined as 
 0.37( ) 3.19 3.15E D D    (8.1) 
where E is in TPa and D in nm. For compressive buckling, E (D) was modified to 




 o o 2( , ) ( )*[1.0 0.0215( 30 ) 0.00095( 30 ) ]E D E D        (8.2) 
where D is in nm and θ is in degrees. The expression is however valid only for 
SWCNT with 0.4 nm ≤ D ≤ 14 nm. 
     The thick shell theory with the proposed ( , )E D   predicted Pcr values of CNT 
close to MD simulation results. The cr of CNT was derived from the nonlinear stress-
strain relation that was derived from MD simulation results. These cr values are also 
very close to MD simulation results. Hence, the proposed thick shell theory is 
established to be suitable for calculating Pcr and cr of CNT without the use for 
computationally intensive MD simulation. 
     Torsional buckling of CNT also depends on the twist direction. So, E(D) was 
modified using a different empirical function that not only takes care of θ –effect but 
also accounts for the twist direction. For non-chiral CNTs, it was shown that the shell 
model is not only able to predict Mcr and cr of SWCNT but it is also capable of 
calculating Mcr and cr of MWCNT that are close to MD simulation results. However, 
the cr values of chiral SWCNTs display a 20% deviation from the cr values 
predicted by MD simulations. This is a drawback of the thick shell model and further 
studies are needed to improve this model. 
     CNT under tension behaves as a nonlinear elastic material with stress-softening. In 
Chapter 6, mechanics of CNT under tensile deformation is analyzed using atomistic 
simulations and continuum models. To ensure minimum loss of accuracy, the tZ-
stretch (λZ) response predicted by MD simulations were compared with first principle 
calculation results. From the comparison studies, it was found  that tZ-λZ response 
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predicted by MD simulations are close to first principle calculation results up to a 
strain level of 22% for armchair and up-to a strain level of 16% for zigzag tube. It was 
also demonstrated that before fracture the tZ-λZ response of SWCNT depends on θ, but 
it is independent of D and L. Two alternate continuum models for SWCNT under 
tension were proposed. The first continuum approach modeled SWCNT as a 
membrane-shell. The nonlinear constitutive relation of the membrane-shell was 
calibrated using MD simulation results. We showed that the membrane shell model 
can closely mimic the tZ-λZ curve of chiral SWCNT obtained from MD simulation 
results. In the second case, the concept of hyper-elasticity with softening (2007) was 
used to develop a continuum shell model for CNT under tension. This continuum 
model was extended to incorporate thermal effect on mechanical response of 
SWCNT. The tZ-λZ response of SWCNTs predicted by the temperature dependent 
continuum model are also in excellent agreement with MD simulation results. These 
models have their own advantages and disadvantages which are as follows. 
The pros and cons of membrane shell model 
The membrane shell model gives a simple tZ-λZ relation for SWCNT under uni-axial 
deformation. Therefore this model can efficiently be used to represent the CNT fibers 
in fiber matrix composites. However, this model gives a 1-D representation of 
SWCNT so it is not able to take care of the plasticity or inelastic deformation that 
occurs due to the motion of dislocations on the surface of CNT which occur on a 3-D 
surface.  
The pros and cons of the softening hyper-elastic model 
The second model is able to predict the tensile response of CNT under tension and it 
can easily incorporate thermal effect.  This model can also be extended to incorporate 
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inelastic deformation. At this stage, it is only applicable to CNT under tension; this is 
a major disadvantage of this model. Moreover, the second model is not physically 
accurate to be applied for CNT under tension. Because, this model uses damage 
criterion whereas, CNT shows nonlinear elastic response.  
    In Chapter 7, we employed the time domain decomposition technique to calculate 
the vibration frequencies and mode shapes of SWCNT from MD simulation 
trajectories. By comparing the vibration frequencies of various chiral SWCNT, we 
found that the vibration frequencies of SWCNT are independent of θ, but the 
vibration frequencies depend on D and L in a manner similar to a thick cylindrical 
shell. Thick shell theory was used to calculate vibration frequencies using E(D) given 
by Equation (8.1),   = 0.19, h  = 0.066 and mass density  = 11726 kg/m
3
. We 
observed that the vibration frequencies calculated by using the thick shell theory are 
very close to MD simulation results. 
8.2 Future Studies 
The current work can be extended in several ways as follows: 
 Validation of the thick shell model using nano-indentation results 
Waters et al. (2005, 2006) performed nano-indentation experiment on CNT forest. 
They reported the load deformation curves of CNT. Proposed thick shell theory 
can be used obtain theoretical estimate of nano-indentation load-deformation 
curve and compare them with the experimental results. By comparing the 
experimental and theoretical results it is possible to validate the proposed shell 




 Modify the thick-shell theory for CNT under torsion 
It was observed that the thick shell theory is not very accurate to predict the 
critical twist angle of CNT under torsion. Therefore, a more detailed investigation 
is required to seek for a better continuum-shell model that can accurately be used 
to study CNT under torsion.  
 Mechanics of CNT under bending 
Proposed thick shell theory was not tested for CNT under bending. But in real 
applications bending of CNT is utilized. Therefore a detailed investigation on the 
bending properties of CNT is warranted.  
 Seek for a unique continuum-shell model for CNT 
Different continuum models were proposed to study the behavior of CNT under 
different loading conditions. So it needs to be investigated whether these 
continuum models can be unified in a single frame work so that there is only a 
single continuum model for CNT. Or, whether it is possible to develop a find a 
constitutive model for CNT that can be used with thick shell theory to get predict 
all different mechanical response of CNT. For this purpose, the author suggests to 
start with the Blatz-Ko constitutive model given by the Equation (8.25) in the 
reference by Beatty (1987). This material model is applicable for compressible 
hyper-elastic material.  Moreover, one can also use the concept of softening 
hyper-elasticity to incorporate the damage occurring in SWCNT at large stretch.  
 Temperature-dependent mechanical response of CNT 
In this work the thermal effect was not considered. But in real applications CNTs 
are mostly used near room temperature or elevated temperature. Therefore 
extensive atomistic simulation studies are essential to determine how temperature 
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affects the mechanical response of CNT. Based on the atomistic simulation results 
one has to also develop suitable continuum theories.  
 Incorporate the effect of strain-rate in continuum model    
Proposed continuum models for CNT do not incorporate the strain rate effect. 
Therefore, this work can be extended to derive continuum models of CNT under 
compression and tension and torsion that are capable of taking into account the 
strain rate effect. Rate dependent constitutive theories can be used for this 
purpose.  
 Incorporate the effects of defects 
In this work, we proposed continuum models for studying the mechanics of 
pristine CNT. In reality, defects are present in CNT. Therefore, the effect of 
defects on mechanical response of SWCNT needs to be investigated in detail to 
establish suitable continuum model. Eshelby type formalism (Zhang and Lu 2007) 
may be used to obtain continuum model for CNT that accounts for defect. This 
continuum model needs to be benchmarked against experimental or atomistic 
simulation results. For studying mechanical response of defective CNT, one needs 
to be cautious in selecting the atomistic simulation technique. Classical MD 
simulation with AIREBO potential is not suitable for this purpose as AIREBO 
potential was not designed to study very long range interaction that may arise in 
defective CNTs. As a suggestion, AIREBO can be modified by using the 
proposals by Pastewka et al. (2013, 2008). Pastewka et al. (2013, 2008) 
demonstrated that the asymptotic behaviour of carbon-carbon bond interaction can 
be un-locked using a screening function to modify the bond order term. We opine 
that by using their proposed modification, one can get an accurate estimation of 
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cohesive energy and bond-breaking without altering the ground state properties of 
inter-atomic potential. 
 Model CNT based composites 
In chapter 6, a 1-D representation of SWCNT was obtained using the membrane-
shell model. The CNT fibers embedded in elastic matrix can be represented by 
using this nonlinear model. Prior to that, one has to modify the membrane-shell 
model to incorporate the effects of bending and shear deformation. The 
constitutive relation under shear can be directly obtained from the MD simulation 
results given in this work. For the bending part, one has to conduct atomistic 
calculations to find the relation between bending moment and local curvature that 
can be calculated from the kinematics of membrane shell.  
 






Agnihotri, P. K., and Basu, S. (2010). "Single-walled nanotubes as Kirchhoff 
elasticas." International Journal of Applied Mechanics 02, pp. 719-743. 
Akita, S., Nishio, M., and Nakayama, Y. (2006). "Buckling of multiwall carbon 
nanotubes under axial compression." Japanese Journal of Applied Physics 45, pp. 
5586-5589. 
Aliev, A. E., Oh, J., Kozlov, M. E., Kuznetsov, A. A., Fang, S., Fonseca, A. F., 
Ovalle, R., Lima, M. D., Haque, M. H., Gartstein, Y. N., Zhang, M., Zakhidov, A. A., 
and Baughman, R. H. (2009). "Giant-stroke superelastic carbon nanotube aerogel 
muscles." Science 323, pp. 1575-1578. 
Allen, M. P., and Tildesley, D. J. (1991). Computer Simulation of Liquids, Oxford 
University Press, Newyork. 
Araujo, P. T., Maciel, I. O., Pesce, P. B. C., Pimenta, M. A., Doorn, S. K., Qian, H., 
Hartschuh, A., Steiner, M., Grigorian, L., Hata, K., and Jorio, A. (2008). "Nature of 
the constant factor in the relation between radial breathing mode frequency and tube 
diameter for single-wall carbon nanotubes." Physical Review B 77, Art. No. 241403. 
Arghavan, S., and Singh, A. V. (2011). "On the vibrations of single-walled carbon 
nanotubes." Journal of Sound and Vibration 330, pp. 3102-3122. 
Arroyo, M., and Belytschko, T. (2002). "An atomistic-based finite deformation 
membrane for single layer crystalline films." Journal of the Mechanics and Physics of 
Solids 50, pp. 1941-1977. 
Arroyo, M., and Belytschko, T. (2004). "Finite crystal elasticity of carbon nanotubes 
based on the exponential Cauchy-Born rule." Physical Review B 69, Art. No. 115415. 
Asadi, E., and Qatu, M. S. (2012). "Free vibration of thick laminated cylindrical shells 
with different boundary conditions using general differential quadrature." Journal of 
Vibration and Control 19, pp. 356-366. 
Avouris, P., and Chen, J. (2006). "Nanotube electronics and optoelectronics." 
Materials Today 9, pp. 46-54. 
Baroni, S., Gironcoli, S. d., Dal Corso, A., and Giannozzi, P. (2001). "Phonons and 
related crystal properties from density-functional perturbation theory." Reviews of 
Modern Physics 73, pp. 515-562. 
Barros, E. B., Jorio, A., Samsonidze, G. G., Capaz, R. B., Filho, A. G. S., Filho, J. M., 
Dresselhaus, G., and Dresselhaus, M. S. (2006). "Review on the symmetry-related 
properties of carbon nanotubes." Physics Reports 431, pp. 261-302. 
Batra, R. C. (1976). "Deformation produced by a simple tensile load in an isotropic 
elastic body." Journal of Elasticity 6, pp. 109-111. 
  
198 
Batra, R. C., and Sears, A. (2007). "Continuum models of multi-walled carbon 
nanotubes." International Journal of Solids and Structures 44, pp. 7577-7596. 
Batra, R. C., and Gupta, S. S. (2008). "Wall thickness and radial breathing modes of 
single-walled carbon nanotubes." Journal of Applied Mechanics 75, Art. No. 061010. 
Beatty, M. F. (1987). "Topics in Finite Elasticity: Hyper-elasticity of Rubber, 
Elastomers, and Biological Tissues—With Examples." Applied Mechanics Reviews 
40, pp. 1699-1734. 
Belytschko, T., Xiao, S., Schatz, G., and Ruoff, R. (2002). "Atomistic simulations of 
nanotube fracture." Physical Review B 65, Art. No. 235430. 
Bethune, D. S., Klang, C. H., de Vries, M. S., Gorman, G., Savoy, R., Vazquez, J., 
and Beyers, R. (1993). "Cobalt-catalysed growth of carbon nanotubes with single-
atomic-layer walls." Nature 363, pp. 605-607. 
Betsch, P., Gruttmann, F., and Stein, E. (1996). "A 4-node finite shell element for the 
implementation of general hyperelastic 3D-elasticity at finite strains." Computer 
Methods in Applied Mechanics and Engineering 130, pp. 57-79. 
Bischoff, M., Bletzinger, K. U., Wall, W. A., and Ramm, E. (2004). "Models and 
Finite Elements for Thin-Walled Structures." Encyclopedia of Computational 
Mechanics, John Wiley & Sons, Ltd. 
Blase, X., Benedic, L. X., Shirley, E. L., and Lourie, S. G. (1994). "Hybridization 
effects and metallicity in small radius carbon nanotubes " Physical Review Letters 12, 
pp. 1878-1881. 
Boehm, H. P. (1997). "The first observation of carbon nanotubes." Carbon 35, pp. 
581-584. 
Bonard, J. M., Kind, H., Stockli, T., and Nilsson, L. O. (2001). "Field emission from 
carbon nanotubes: the first five years." Solid-State Electronics 45, pp. 893-941. 
Bozovic, D., Bockrath, M., Hafner, J. H., Lieber, C. M., Park, H., and Tinkham, M. 
(2003). "Plastic deformations in mechanically strained single-walled carbon 
nanotubes." Physical Review B 67, Art. No. 033407. 
Brenner, D. W. (1990). "Empirical potential for hydrocarbons for use in simulating 
the chemical vapor deposition of diamond films." Physical Review B 42, pp. 9458-
9471. 
Brenner, D. W., Shenderova, O. A., Harrison, J. A., Stuart, S. J., Ni, B., and Sinnott, 
S. B. (2002). "A second-generation reactive empirical bond order (REBO) potential 
energy expression for hydrocarbons." Journal of Physics: Condensed Matter 14, pp. 
783-802. 
Brinker, R., Zhang, L., and Andersen, P. (2000). "Output-only modal analysis by 
frequency domain decomposition." ISMA 25 Belgium. 
  
199 
Budiansky, B. (1968). "Notes on Nonlinear Shell Theory." Journal of Applied 
Mechanics 35, pp. 393-401. 
Cao, A., Dickrell, P. L., Sawyer, W. G., Nejhad, M. N. G., and Ajayan, P. M. (2005). 
"Super-compressible foamlike carbon nanotube films." Science 310, pp. 1307-1310. 
Cao, G., and Chen, X. (2006). "Buckling behaviour of single-walled carbon 
nanotubes and a targeted molecular mechanics approach." Physical Review B 74, Art. 
No. 165422. 
Casillas, G., Mayoral, A., Liu, M., Ponce, A., Artyukhov, V. I., Yakobson, B. I., and 
Jose-Yacaman, M. (2014). "New insights into the properties and interactions of 
carbon chains as revealed by HRTEM and DFT analysis." Carbon 66, pp. 436-441. 
Cerqueira, T. F. T., Botti, S., San-Miguel, A., and Marques, M. A. L. (2014). 
"Density-functional tight-binding study of the collapse of carbon nanotubes under 
hydrostatic pressure." Carbon 69, pp. 355-360. 
Chang, I. L. (2013). "Molecular dynamics investigation of carbon nanotube 
resonance." Modelling and Simulation in Materials Science and Engineering 21, Art. 
No. 045011. 
Chang, T. (2007). "Torsional behaviour of chiral single-walled carbon nanotubes is 
loading direction dependent." Applied Physics Letters 90, Art. No. 201910. 
Chen, X., and Cao, G. (2006). "A structural mechanics study of single-walled carbon 
nanotubes generalized from atomistic simulation." Nanotechnology 17, pp. 1004-
1015. 
Cheng, H. M., Yang, Q. H., and Liu, C. (2001). "Hydrogen storage in carbon 
nanotubes." Carbon 39, pp. 1447-1454. 
Chiu, H. Y., Hung, P., Postma, H. W. C., and Bockrath, M. (2008). "Atomic-scale 
mass sensing using carbon nanotube resonators." Nano letters 8, pp. 4342-4346. 
Chowdhury, S. C., Haque, B. Z., Gillespie, J. W., and Hartman, D. R. (2012). 
"Molecular simulations of pristine and defective carbon nanotubes under monotonic 
and combined loading." Computational Materials Science 65, pp. 133-143. 
Cohen-Karni, T., Segev, L., Srur-Lavi, O., Cohen, S. R., and Joselevich, E. (2006). 
"Torsional electromechanical quantum oscillations in carbon nanotubes." Nature 
nanotechnology 1, pp. 36-41. 
Côté, A. S., Smith, B., and Lindan, P. J. D. (2001). "Molecular Dynamics Simulations 
", <http://www.compsoc.man.ac.uk/~lucky/Democritus/Theory/verlet.html>. 
Dahmardeh, M., Mohamed Ali, M. S., Saleh, T., Hian, T. M., Moghaddam, M. V., 
Nojeh, A., and Takahata, K. (2013). "High-power MEMS switch enabled by carbon-




De Volder, M. F., Tawfick, S. H., Baughman, R. H., and Hart, A. J. (2013). "Carbon 
nanotubes: Present and future commercial applications." Science 339, pp. 535-539. 
Demczyk, B. G., Wang, Y. M., Cumings, J., Hetman, M., Han, W., Zettl, A., and 
Ritchie, R. O. (2002). "Direct mechanical measurement of the tensile strength and 
elastic modulus of multiwalled carbon nanotubes." Materials science and Engineering 
A 334, pp. 173-178. 
Dresselhaus, M. S., and Eklund, P. C. (2000). "Phonons in carbon nanotubes." 
Advances in Physics 49, pp. 705-814. 
Dresselhaus, M. S., Dresselhaus, G., and Saito, R. (1995). "Physics of carbon 
nanotubes." Carbon 33, pp. 883-891. 
Dresselhaus, M. S., Dresselhaus, G., Charlier, J. C., and Hernandez, E. (2004). 
"Electronic, thermal and mechanical properties of carbon nanotubes." Philos T R Soc 
A 362, pp. 2065-2098. 
Duan, W. H., Wang, C. M., and Zhang, Y. Y. (2007a). "Calibration of nonlocal 
scaling effect parameter for free vibration of carbon nanotubes by molecular 
dynamics." Journal of Applied Physics 101, Art. No. 024305. 
Duan, W. H., Wang, C. M., and Tang, W. X. (2010). "Collision of a suddenly 
released bent carbon nanotube with a circular graphene sheet." Journal of Applied 
Physics 107, Art. No. 074303. 
Duan, W. H., Wang, Q., Liew, K. M., and He, X. Q. (2007b). "Molecular mechanics 
modeling of carbon nanotube fracture." Carbon 45, pp. 1769-1776. 
Dumitrica, T., Hua, M., and Yakobson, B. I. (2006). "Symmetry-, time-, and 
temperature-dependent strength of carbon nanotubes." Proc Natl Acad Sci U S A 103, 
pp. 6105-6109. 
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